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the semiclassical limit, the asymptotic behavior of holomorphic block reproduces the classical action of 4d 
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1 Introduction 

3d-3d correspondence, proposed by Dimofte, Gaiotto, and Gukov in [1] (see also [3, 4]), constructs a class 
of 3d Af = 2 supersymmetric gauge theories Tm^ labelled by 3-manifolds M 3 '. In this correspondence, 
the partition function of the supersymmetric gauge theory Tm, is equivalent to Chern-Simons partition func¬ 
tion of the corresponding 3-manifold M 3 [2, 5], and the massive supersymmetric vacua of Tm, relate to the 
flat connections on M 3 [ 6 ]. 3d-3d correspondence is a generalization of Alday-Gaiotto-Tachikawa (AGT) 
correspondence [7, 8 ], which proposes a class of 4d Af = 2 supersymmetric gauge theories labelled by 
2-manifolds. There is also a further generalization by [9], which proposes a class of 2d Af = (0,2) super- 
symmetric gauge theories labelled by 4-manifolds. It has been argued that these correspondences come from 
the different schemes of reductions from the 6 d (0,2) superconformal held theory (SCFT) [10-17]. 

In this paper, we propose that there are a class of 3d TV = 2 supersymmetric gauge theories, which turn 
out to encode the simplicial geometries in 4-dimensions. Given a gauge theory in this class, the massive 

* Tmj is essentially a superconformal field theory living at the IR fix point of the gauge theory. 
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supersymmetric vacua of the theory contains the classical geometries on a 4d simplicial complex. The 
resulting 4d simplicial geometries are locally constant curvature (either dS or AdS), in the sense that they 
are made by gluing geometrical 4-simplices of the same constant curvature. When the simplicial complex is 
sufficiently refined, the simplicial geometries can approximate all possible smooth geometries on 4-manifold. 
At the quantum level, we propose that a class of holomorphic blocks from the 3d Af = 2 gauge theories 
are wave functions of quantum 4d simplicial geometries. Holomorphic block is proposed in [2] as the 
supersymmetric BPS index of 3d Af = 2 theory. We find that the holomorphic blocks, defined from the class 
of 3d theories constructed here, know about the dynamics of 4d geometries. In certain semiclassical limit, 
the asymptotic behavior of holomorphic block reproduces the classical action of 4d Einstein-Hilbert gravity 
in the simplicial context. 

The class of 3d Af = 2 supersymmetric gauge theories constructed here is a subclass contained in 
the theories from Dimofte-Gaiotto-Gukov (DGG) construction in [1] for 3d-3d correspondence. The class 
of 3d Af = 2 supersymmetric gauge theories studied here asociate to a class of 3-manifold {^^}. 

The 3-manifolds ^3 are made by gluing copies of the graph complement 3-manifolds 5^ \ Ts (FIG.l), 
through the 4-holed spheres associated to the vertices of Ts graph. The class of relate to the class of 4d 
simplicial complexes (simplicial manifold) ^ 4 . Namely the fundamental group of the 3-manifold 
is isomorphic to the fundamental group of the 1-skeleton of the simplicial complex 7 ri(sk(.y# 4 )). Moreover 
a class of (framed) SL(2,C) flat connections on are equivalent to the locally constant curvature 4d 
simplicial geometries on the corresponding ^4 in Lorentzian signature. As an basic and crucial example, a 
class of SL(2, C) flat connections on 5^ \ Ts are equivalent to the constant curvature geometries on a single 
(convex) 4-simplex. This example is also an important ingredient in understanding the general relation 
between ^3 and ^4 



Figure 1. The graph complement 3-manifold \ Ts is obtained by firstly embedding the Ts graph in 5^, then removing 
the graph and its tubular neighborhood from 5^. 


The massive supersymmetric vacua of the theory onM} x relates to SL(2, C) flat connections 
on by 3d-3d correspondence. Because of the above relation between the flat connections on and 
simplicial geometries on the corresponding ^ 4 , a class of massive supersymmetric vacua of the theory 
gives all the 4d locally constant curvature simplicial geometries on ^ 4 . For any 3d Af = 2 supersymmetric 
gauge theory on x 5 \ there are 2 natural parameters parametrizing the moduli space of supersymmetric 
vacua: the complex mass parameters x from the reduction on S * and effective background Fayet-Iliopoulos 
(FI) parameters y preserving supersymmetry. The correspondence of T between supersymmetric vacua 
and 4d simplicial geometries relates the susy parameters x,y to the geometric quantities in 4d. Namely, for 
those vacua satisfying the 4-geometry correspondence, the complex masses x relate to the triangle areas Uf 
of the simplicial geometry on ^ 4 , and the effective FI parameters y relate to the deficit angles Sf (in the 
bulk) and the dihedral angles 0f (on the boundary). That supersymmetry is preserved on those vacua in T 
is equivalent to the existence of locally constant curvature simplicial geometry on ^ 4 . 

It has been argued in [2, 18] that for a generic 3d Af = 2 gauge theory, its ellipsoid partition function 
and spherical index (partition function on 5^ Xq S^) admit the holomorphic factorizations. They are 

both factorized into a class of universal holomorphic building blocks {B"]a, known as holomorphic blocks in 
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3-dimensions This result has been shown to be valid for all gauge theories Tm^ in 3d-3d correspondence. 
In general the holomorphic block is a supersymmetric BPS index of 3d Af = 2 gauge theory, which 
can also be understood as the partition function on with a topological twist [2]. The label a of 

holomorphic block B" 1 -to-l corresponds to the branches of massive supersymmetric vacua in the theory on 
X 5 * (the asymptotic regime of 5 *). Given the class of theories T we pick out the supersym¬ 

metric vacua a/ii satisfying the 4-geometry correspondence, and construct the corresponding holomorphic 
block We propose that the resulting holomorphic block is a wave function quantizing the locally 

constant curvature simplicial geometries on ^ 4 , which encodes the dynamics of 4d geometry. Indeed, in 
a certain semiclassical limit, the asymptotic behavior of the resulting holomorphic block reproduces the 
classical action of 4d Einstein-Hilbert gravity (with cosmological constant) on the simplicial complex ^ 4 . 
The Einstein-Hilbert action in the simplicial context is also known as Einstein-Regge action [20, 21]. The 
classical action recovered here is the Einstein-Regge action evaluated at the simplicial geometries made by 
gluing constant curvature 4-simplices. Therefore the class of holomorphic blocks B^^ from may be 
viewed as certain quantization of simplicial gravity in 4 dimensions. 

The following table summarizes the relation between 3d Af = 2 supersymmetric gauge theory and 
the simplicial geometry on ^4 




A class of massive supersymmetric vacua on x 5' 

Locally constant curvature 4d simplicial geometries 

Preserving supersymmetry on the vacua 

The existence of 4d simplicial geometries 

Complex mass parameters y, 

Triangle areas af 

Effective El parameters y, preserving supersymmetry 

Bulk deficit angles Sf and boundary dihedral angles 0f 

Holomorphic block (partition function on x^ 5') 

Semiclassical wave function of 4d simplicial geometries 

Effective twisted superpotential 

Einstein-Regge action of 4d geometry 

Deformation parameter H = In q 

Cosmological constant k in Planck unit 


Note that the 1st rows in the above table of correspondences can be formulated in the language of flat con¬ 
nections on 3-manifold because of the 3d-3d correspondence. The correspondence between flat connections 
on 5^ \ Ts and constant curvature 4-simplex geometries has been proposed in the author’s recent work 
[52, 54, 55]. In this paper, the correspondence is generalized to the general situation of simplicial complex 
with arbitrarily many 4-simplices. 

The holomorphic blocks from supersymmetric gauge theories can be understood in the full frame¬ 
work of M-theory. The relation between 4d simplicial geometry and supersymmetric gauge theory proposed 
in this paper relates M-theory to simplicial geometry in 4d. The 3d-3d correspondence used in the con¬ 
struction of T ^3 can be resulting from certain reduction of M5-brane IR dynamics, i.e. 6 d (0,2) SCET. The 
holomorphic blocks B|^^ playing central role here is interpreted as the partition function of two M5-branes 
embedded in an 1 Id M-theory background [2] 

M 3 xD^ X, 5^ c r*M 3 X TNx, 5* (1.1) 

where a TN is a cigar inside Taub-NUT space. M 3 is 5^ or T 3 depending on the number of geometrical 
4-simplices. The codimension-2 graph defect is given by a stack of additional intersecting M5-branes, 
which may be formulated fleld-theoretically as surface operator with junctions [13, 68 ]. It is interesting 
to re-understand and re-interpret our correspondence in the framework of full M-theory with branes. The 
detailed discussion in this perspective will appear elsewhere [69]. 

^The recent work [19] shows that the holomorphic blocks also exist in 4 dimensions for 4d gauge theories. 

key reason of using holomorphic block here is that not all the SUSY vacua ofT^^ satisfying the correspondence to 4d simplicial 
geometry. The holomorphic blocks under consideration here are the ones labelled by 044 . The 4d geometrical meaning of other SUSY 
vacua is not completely clear at the moment, and is a research undergoing. 


- 3 - 












On the other hand, 6 d (0,2) SOFT has a holographic dual to M-theory on AdSy x 5"^ [70-73]. Here 
we have shown that 4d (locally constant curvature) simplicial gravity emerging from holomorphic blocks 
^^3 ■ '^hat the holomorphic block is the partition function of 6 d (0,2) SOFT on certain background, its 

relation with 4d gravity might have interesting relation to AdS/CFT [74, 75]. 

It is important to mention that the idea of studying 5^ \ F 5 and the class of ./#3 comes from the covariant 
formulation of Loop Quantum Gravity (LQG) [76-82]. The studies of spinfoam models in LQG [54, 83-87] 
motivates the relation between Chern-Simons theory on 3-manifolds and the geometries on simplicial 
4-manifolds ^s,. The holomorphic block studied in this paper defines the Spinfoam Amplitude in LQG 
language, which describes the evolution of quantum gravity on the simplicial complex ^ 4 . Therefore the 
present work relates LQG to supersymmetric gauge theory and M5-brane dynamics in String/M-theory, 
which is another significant physical consequence of the present work. There are many possible future 
developments from LQG perspectives. For example, it is interesting to further understand the perturbative 
behavior of the holomorphic block from the point of view of semiclassical low energy approximation in 
LQG [88-90]. We should also investigate and understand the behavior of the holomorphic blocks under 
the refinement of the 4d simplicial complex (suggested by the studies on spinfoam model [91]). It is also 
interesting to relate the present result to the canonical operator formulation of LQG [92-99], since the 
Ward identity as an operator constraint equation A.B" - 0 from might relate to Hamiltonian constraint 
equation in LQG. 

The paper is organized as follows: In Section 2, we give an ideal triangulation of the graph comple¬ 
ment 3-manifold \ F 5 , and analyze the symplectic coordinates for framed flat connections by the ideal 
triangulation. In Section 3, we construct the supersymmetric gauge theories labelled by 5^ \ F 5 and ^3 by 
using the ideal triangulation and symplectic data studied in Section 2. In Section 4, we give a brief review of 
holomorphic blocks for 3d Af = 2 supersymmetric gauge theories, and apply the construction to the theories 
In Section 5, we identify the supersymmetric vacua in T (including which corre¬ 

spond to the locally constant curvature simplicial geometries on 4d simplicial complex We also relate 
the susy parameters to the geometrical quantities in 4d simplicial geometry. In Section 6 , we study the class 
of holomorphic blocks as the quantum states of 4d simplicial geometry. We show that in the semiclassical 
limit, the asymptotics of holomorphic block give 4d Einstein-Regge action with cosmological constant. 

2 3-manifold, Ideal Triangulation, and Symplectic Data 

2.1 Ideal Triangulation of Fs-Graph Complement 3-Manifold 

The 3-manifold M 3 - \ F 5 , being the complement of Fs-graph in can be triangulated by a set of 

(topological) ideal tetrahedra. An ideal tetrahedron can be understood as a tetrahedron whose vertices are 
located at “infinity”. It is convenient to truncate the vertices to define the ideal tetrahedron as a “truncated 
tetrahedron” as in FIG.2. There are 2 types of boundary components for the ideal tetrahedron: (a) the original 
boundary of the tetrahedron, and (b) the new boundary components created by truncating the tetrahedron 
vertices. Following e.g. [1, 22, 23], the type-(a) boundary is referred to as geodesic boundary, and the 
type-(b) boundary is referred to as cusp boundary. 

In general, a graph complement 3-manifold M 3 also has 2 types of boundary components: (A) the 
boundary components created by removing the neighborhood of vertices of the graph, and (B) the bound¬ 
ary components created by removing the neighborhood of edges. Each type-(A) boundary component is 
a n-holed sphere, where the number of holes is the same as the vertex valence. Each type-(B) boundary 
component is an annulus, which begins and ends at holes of the type-(A) boundary. Eor a graph complement 
3-manifold M 3 , the type-(A) boundary is referred to as geodesic boundary, and the type-(B) boundary is 
referred to as cusp boundary of M 3 . An ideal triangulation of M 3 decomposes M 3 into a set of ideal tetrahe¬ 
dra, such that the geodesic boundary of M 3 is triangulated by the geodesic boundary of the ideal tetrahedra, 
while the cusp boundary of M 3 is triangulated by the cusp boundary of the ideal tetrahedra. 
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Figure 2. An ideal tetrahedron. 


For the 3-manifold 5^ \ Fs that we are interested in, the geodesic boundary is made of 5 four-holed 
spheres, while the cusp boundary is made of 10 annuli connecting the four-holed spheres. The Fs-graph 
drawn in the middle of FIG. 3 naturally subdivides 5^ \ Fj into 5 tetrahedron-like region (5 grey tetrahedra in 
FIG. 3, whose vertices coincide with the vertices of the graph). Each tetrahedron-like region should actually 
be understood as an ideal octahedron (with vertices truncated), so that the octahedron faces contribute the 
geodesic boundary (4-holed spheres) of 5^ \ F 5 , while the octahedron cusp boundaries contribute the cusp 
boundary (annuli) of \ F 5 . The way to glue 5 ideal octahedra to form \ F 5 is shown in FIG. 3. Each 
ideal octahedron can be subdivided into 4 idea tetrahedra as shown in EIG.4. A specific way of subdividing 
an octahedron into 4 tetrahedra is specified by a choice of octahedron equator. As a result, the Fs-graph 
complement 5^ \ F 5 can be triangulated by 20 ideal tetrahedra. 

2.2 Phase Space Coordinates of SL(2, C) Flat Connections 

Given a 3-manifold M 3 with both geodesic and cusp boundaries, s. framed SL(2, C) flat connection on M 3 is 
an SL(2, C) flat connection A on M 3 with a choice of flat section s (called the framing flag) in an associated 
flag bundle over every cusp boundary [23-25]. The flat section s may be viewed as a vector held on a cusp 
boundary, defined up a complex rescaling and satisfying the flatness equation (d - A)s = 0. Consequently 
the vector s(p) at a point p of the cusp boundary is an eigenvector of the monodromy of A around the cusp 
based at p. Similarly, a framed flat connection on dM^ is a flat connection ‘JI on dM^ with the same choice 
of framing flag on every cusp boundary. Moreover if a cusp boundary component in dM^ is a small disc, the 
monodromy of a framed flat connection 'll around the disc is unipotent. Here the moduli space of framed 
SL(2, C) flat connections on dM^ is denoted by 'Pgu,, which has a phase space structure. The moduli space of 
framed SL(2, C) flat connections on M 3 is denoted by X.m,, which isomorphic to a Lagrangian submanifold 
in 'PdMi [23]. In this paper when we talk about the framed flat connections on M 3 and dMj,, we assume the 
framing are generic, so that the reducible flat connections are excluded 

The boundary of an ideal tetrahedron is a sphere with 4 cusp discs (in the truncated tetrahedron picture). 
The framed flat connections on the boundary can be understood as the flat connections on a 4-holed sphere 
(the geodesic boundary). The moduli space of SL(2, C) flat connection on a sphere with a number of holes 
can be parametrized by Fock-Goncharov edge coordinates, which is a complex number xe 6 associated 
with each edge E of an ideal triangulation of n-holed sphere [25] (also see [23] or [24] for a nice summary). 
The boundary of the ideal tetrahedron provides an ideal triangulation of the boundary. Moreover in this case 
of an ideal tetrahedron, the monodromy around each hole/cusp on the boundary is unipotent, i.e. the product 
of edge coordinates around each hole equals -1. Therefore it is standard to call the six edge coordinates on 
the boundary z,z',z'', equal on opposite edges (as shown in FIG. 2), and satisfying zz'z” - -1. Thus 

PdA = {z,z',z" e Izz'z" = -1] ^ (C^)l (2.1) 

"^The holonomies of reducible flat connections only rotate a proper subspace of C^, e.g. the abelian flat connection. 
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Oct{1) 


Oct(2) 



Figure 3. Ideal triangulation of 5^ \ r 5 by using 5 ideal octahedra (red), which correspond to 20 ideal tetrahedra. The 
cusp boundaries of the ideal octahedra are not drown in the figure. The faces with green label a, b, c, d, e, /, g, h, i, j are 
the faces where a pair of octahedra are glued. The labels show how the 5 ideal octahedra are glued together. In each 
ideal octahedron, we have chosen the edges with red label x, y, z, w to form the equator of the octahedron. 



Figure 4. Chosen the equator edges with labels x, y, z, w, an ideal octahedron can be subdivided into 4 ideal tetrahedra 
by drawing a vertical line connecting the remaining 2 vertices which doesn’t belong to the equator. 


The Atiayh-Bott-Goldmann form Q. = tr (d9l A 5ill) endows a holomorphic symplectic structure 
Q. - dZ" A dZ. Z = Inz, Z' = Inz', Z" = Inz" define the logarithmic lifts of the phase space coordinates, 


- 6 - 















satisfying 


Z + Z' + Z" = in, and {Z,Z"} = {Z',Z) = {Z",Z') = 1. (2.2) 

If we extend the flat connection into the bulk, the moduli space of SL(2, C) flat connection on an ideal 

tetrahedron, denoted by X.A, is isomorphic to a holomorphic Lagrangian submanifold in the phase space 
PdA- The Lagangian submanfold is defined by a holomorphic algebraic curve (see e.g. [23]): 

=0)c!PaA. (2.3) 

The graph complement 3-manifold \ Ts can be decomposed into ideal octahedra, as it is discussed 
above. The geodesic boundary of an ideal octahedron is a sphere with 6 holes. The ideal triangulation of 
octahedron boundary provided by the octahedron consists of 8 octahedron edges. Thus The moduli space of 
SL(2, C) flat connection on a 6 -holed sphere is of dime = 12. By the same reason as the ideal tetrahedron, 
the monodromy around each hole on the boundary is unipotent, which gives 6 constraints. The phase space 
of an ideal octahedron is 

noct = |T£=i..... 8 | n (2.4) 

V E at hole j 

which is of dime = 6 . As it is discussed, an ideal octahedron can be decomposed into 4 ideal tetrahedra, the 
phase space 'Pgoct can be obtained via a symplectic reduction from 4 copies of 'PgA- The edge coordinates of 
'Pdoct can be expressed as a linear combination of the tetrahedron edge coordinates. In general for any edge 
on the boundary or in the bulk, it associates 

X£ = j~~j(z,z',z" incident at £) or Xe — ^^(Z,Z',Z" incident at E), (2.5) 

being a product or sum over all the tetrahedron edge coordinates incident at the edge E. For a boundary 
edge, Xe is the edge coordinates of the phase space. For a bulk edge, xe or Xe is rather a constraint which is 
often denoted by ce or Ce, satisfying 


ce - t or Ce - ^ni, ( 2 . 6 ) 

because the monodromy around a bulk edge is trivial [1, 23]. We denotes the edge coordinates in 4 copies of 
'PgA by X, Y, Z, W and their prime and double prime. All the edge coordinates are expressed in FIG.4, where 
we have a single constraint 


C ^X + Y + Z + W (2.7) 

We make a symplectic transformation in 4 copies of from the coordinates (X, X”),{Y, Y"),(Z, Z''),(W, W") 
to a set of new symplectic coordinates {X, Px), {Y, Py), (Z, Pz), {C, F), where 

P^ = X" - W", Py = Y" - W", Pz = Z” - W", F = W" (2.8) 

and each pair are canonical conjugate variables, Poisson commutative with other pairs. The octahedron 
phase space Vgoci is a symplectic reduction by imposing the constraint C = Ini and removing the “gauge 
orbit” variable F. A set of symplectic coordinates of Vgoct are given by {X, Px), (T, Py), (Z, Pz). 

Now we glue 5 ideal octahedra into 5^ \ F 5 as in FIG. 3. The phase space ’Pg^s^Ts) can be obtained from 
the product of phase spaces Vx - {PaA)^^^ of 20 ideal tetrahedra, followed by a symplectic reduction with 
the 5 constraints Ca - 2ni (a = 1, • • • , 5) in the 5 octahedra. 

The geodesic boundary of \ F 5 consists of five 4-holed spheres, which are denoted by ... , 5 . In 
FIG. 3, each S„ are made by the triangles from the geodesic boundaries of the octahedra. We compute all the 
edge coordinates on the geodesic boundary of 5^ \ F 5 in Table 1 
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Table 1. Edge coordinates of 4-holed spheres. Recall in FIG.3 that the octahedra are glued through the triangles labelled 
by a, b, c, d, e, f, g, h, i, j. Here e.g. labels the triangles symmetric to the triangle a with respect to the equator of 
Oct(2). The “primed triangles” with the primed labels triangulate the geodesic boundary of 5^ \ Ts. Here 
(a = 1, ■ ■ ■ ,5) are the tetrahedron edge coordinates from the 4 tetrahedra triangulating Oct(fl). 


*Si; 

/Z2 n ■^3 

^2 ^ ^4 " ^2 ^2 '^4 

/z^ /z^ I Y2 + ^2 + ^5 

h'^r\e\-. T" 4- Z' -H Z" 4- it; 
h’ n cl : Z" 4- it; 4- Y” + Zl 

e'4 n c; ; T" 4- z; -H z" -h it; 

*S2: 

i\ n : A" 4 - Y{ + A3 
i\ f4 ■ Xi + X4 
i'l n b{ : W” + a; -h As 

i;n/;; A" + y; + it; + a; 

/; n b {: it; 4 - a; -h a; 4 - y; 

/; n b{: a; -h y; 4 - it; -h a; 

>53: 

b\ n : Z; -H W” + Xi 
b[ n £/;: it; -H a;' -h a; -h t" 
b[ n : ITi 4- IT' 4- A" 

n rf;: it; 4 - a; 4 - y; -h z; 
a'^nd'^: a; -h y; -h z; 4- it; 

d'^ D d'^ Y4 W5 

*54: 

r/; 0 C2 ' Zi 4- A2 4- 1 ^ 2 ^ 
a\ n : Y[' + Z[ + W{ + A" 

a[ n ;■( : Z[' + 1 T; -h A( -h T" 

c'l fi 73: t; + z; 4- z; 4- it; 
c^nj;: y2 + y;+z; 

73 ny-;: IT3 + T5 

>55: 

/(n^: y;+z'' + iT'+A'' 
/;ng(: Ti+A^ + T" 
/I'ng;: X[+Y'{+ W',+X'; 

el n gi: Zl -H it; 4- y; -h z; 
e;ng;: it2 + z; + it; 

g'lp'84' T3 4 - W4 


In our discussion, it turns out to be convenient to use complex Fenchel-Nielsen (FN) coordinates [ 23 , 26 ] 
for the boundary phase space The complex FN length variables Aah - are simply the eigenval¬ 

ues of monodromies meridian to the 10 annuli (cusp boundaries) iab connecting 4 -holed spheres Sa and St- 
They relate the above edge coordinates by 2 A = Zis around hole [ 23 , 25 ]. The resulting 10 complex 
FN length variables are listed in the following, expressed in terms of (Ta,PrJ, (Za,f’zJ, (Ca,Fa) 


from Oct(fl). 

Ai2 = - (—C3 — C4 — Cs + Py^ + Pvi + Pys + + ^5 + 3 i 7 r) ( 2 . 9 ) 

Ai3 = \ {-Cl - Cs + Py, + Py, - Pz, + Pzs + Aj + A5 + Tj + T5 + 2Z5 + in) (2.10) 

Ai4 = ^ (-C3 + Py, + Py, - Pz2 + Pz, - Pzs + A3 + T3 + 2Z3) ( 2 . 11 ) 

Ai 5 = i i-Ci -C4 + Py, + Pz, - Pz, + Pz, +X2+X4 + Y2 + Y4+ 2Z2 + 2Z4) ( 2 . 12 ) 

A23 = \ i-Px, + Px, - Pxs - Py, +X4- Y4) ( 2 . 13 ) 

A24 = \ i-Px, + Pxs - Py, - Pys-X i+Xs-Yi-Ys + in) ( 2 . 14 ) 

A25 = \ {Px, + Px, - Px, - Py, - Py, + Ai + A3 - Fi - F3) ( 2 . 15 ) 

A34 = ^ (Cl - Cs + Px, + Pxs - Py, - Pz, - Pzs - Ai + A2 + A5 - Fi - T2 + Ts - 2 Zi + in) ( 2 . 16 ) 

A35 = - (-Cl + Pxi - Px2 - Pxi - Pzi + Pzi + X\ - X4 + Yi - Y4 + 2 in) ( 2 . 17 ) 

A45 = 2 {~^^ ~ ^^2 Px3 + Pyi - Pzi + Pz2 - T’zj - A2 -H A3 - T2 + T3 -(- 2in). ( 2 . 18 ) 


The above Aab are mutually Poisson commutative and commuting with all the edge coordinates in Table 1 . 
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The definition of complex FN twist variable Tab - depends on a choice of longitude path along each 
annulus, traveling from Sa to St (see [23] for details). Here we make a simple choice by drawing each path 
in a cusp boundary component of a single octahedron, since there is always a piece of the annulus being a 
cusp boundary component of a octahedron, which connects a pair of triangles respectively in Sa and Sb- See 
Table 2. 


Table 2. The twist variables and the corresponding octahedron whose cusp boundary component contains the chosen 
path 


FN twist 

Ti2 

T13 

t\a 

T15 

T23 

^24 

T25 

T35 

T45 

Octahedron 

Oct(3) 

Oct(5) 

Oct(2) 

Oct(4) 

Oct(4) 

Oct(5) 

Oct(l) 

Oct(2) 

Oct(3) 


The resulting 10 FN complex twists are listed in the following: 


‘7 ~i 2 - Px^ - Pz, - Yi - + in 

(2.19) 

Tn = Pz, 

( 2 . 20 ) 

Tu = -Py, + Pz, - J'z + Z 2 

( 2 . 21 ) 

II 

( 2 . 22 ) 

‘P 23 - Pxi - PVi 

(2.23) 

II 

1 

(2.24) 

II 

1 

(2.25) 

II 

1 

N 

(2.26) 

7-35 = -C 2 + Px, + 2 X 2 + Y 2 +Z 2 

(2.27) 

7~45 = + y3 + Z3 — /tT. 

(2.28) 


Tab are mutually Poisson commutative, and satisfying {Aab,Tcd] - Sab,cd- 

The twist variable Tab commutes with the edge coordinates in Table 1, except for the edges of the 
pair of triangles connected by the path defining Tab [27]. Therefore for any 4-holed sphere Sa, the 6 edge 
coordinates Xe are possibly noncommutative with 4 twists Tab {b + a). We consider a linear combination 
anzatz F - Yje ceXe and assume F is commutative with the 4 twists, i.e. 

Y^CE{XE,Tab]^0 h + a (2.29) 

E 

which gives 4 linear equations for 6 unknown ce of Sa- There are 2 linear independent solutions [c^*] and 
[c®], we define 

Ma^Yu = Z ^2.30) 

E E 

which turn out to satisfy {Ma,Pb] - ^ab,{Ma,Mb] - {Pa,Pb] - 0, and Poisson commute with all Aab and 


- 9 - 













Tab- It turns out that ce - ±\- Explicitly Ma=\,-,5 are given by 

Ml = - C 2 - Ci + C 4 + Py 2 - Py3 + Pys + '^Pzi - Pz4 - Pzs + X 2 

+X 3 -X4 + Y2 + Y3-Y4 + 2 Z 3 + lin) (2.31) 

M 2 = i (Px, - 2 Px 3 + Px 4 + Pxs + Py 2 - Pys -X2-X5 + Y2-Y5- in) (2.32) 

M3 = i (-Cl + Px2 - Pxs + Py4 - Pz, - Pz4 +Xi+ 2X2 + Yi- 2 in) ( 2 . 33 ) 

M4 = -(-Cl -C3 + Pxi - Pxs + Pyi + Py2 ~ Pz2 + Pz, + Pzs + Xi 

+X 3 - X 5 + Fi + 2 F 2 + F 3 - Fs + 2 Z 3 + 3/7r) (2.34) 

Ms = 2^^^ “ C4 - Px, + Pxj + Px4 + Pf, - 2Pf3 - Pzj + PZ3 “ Pzi 

-Xi -X2+X3+X4-Y1-Y2-Y3 + Y4- 2Z2 + 4 / 7 r), ( 2 . 35 ) 


and Pa=i, - ,5 are given by 

P1 = 2^^^ + C5 + Py2 ~ Py3 - Py4 - Pz2 + Pz, - Pzs - X4 - X5 - Y4 


-Fs - 2 Z 2 - 3 / 7 r) (2.36) 

P 2 = ^ (Px 3 - Px 3 - Pf, - Pf 3 - Pf 4 - Xi + X 3 - X 4 - Fi - F 3 - F 4 + 6in) (2.37) 

P3 = 2^ ~ + Pxi “ Px 4 + Pxs “ Pf 2 + Pz 4 “ Pzs “ 2^2 - X4 + X5 

-F 2 - F 4 + Fs + 7 / 7 r) (2.38) 

P4 = ^ (C1 + C3 - PX2 + PX 3 - Pf 3 - Pz. + PZ2 -Pz 2 -X,-X 2 -X 3 

+X5 - Fi - F2 - F3 + Fs - 2Z3 + in) ( 2 . 39 ) 

P5 = -j{ - C2 - Pxi + Px2 + PXi - PY2 + PZi - Pz2 + Pz2 - X\ + X2 

-Fi + F 2 + 6/7r) (2.40) 


(Mfl, Pa) are the symplectic variables parametrizing the SL(2, C) flat connections on 4-holed sphere Sa with 
fixed conjugacy classes Aat- 

In the following we simply set Ca — 2ni in the definition of Aat, Tat, Ma, Pa to remove their Ca depen¬ 
dence. Here we consider Aah and Ma to be the position variables, while Tab and Pa are considered to be the 
momentum variables, i.e. 


^7 — (.Xab^ Ma)-, Pl — (Tab, Pa)- 


(2.41) 


satisfying the standard Poisson brackets {mj,pj} - 6ij, {mj,mj} — {pi,pj} - 0. 

We obtain the Sp(30, Q) matrix transforming from 0 = (Xa, Fq.,Zq,)^^j and;^ s (Px^,Py„,Pz„)1.^i to m 
and p 


A B 
C D 


H- in 


where vi, i^ are 15-dimensional vectors with Z/2 entries. 

itj = ^,0,^,0,0,0,-i,-2,-^,2)^ 

2 2 2 2 2 2 

V2 = (1,0,0,0,0,0,0,0,-2,-1,-, 3,-,-, 2)^ 

' 2 2 2 


(2.42) 


(2.43) 
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The 15 X 15 matrix blocks A, B, C, D are given by 



' 0 

0 

0 

0 

0 

0 


1 

2 

-2 0 

1 

2 

1 

2 

0 

1 

2 

1 

2 

0 ' 


0 

0 

0 

1 

2 

1 

2 

0 


0 

0 0 

0 

0 

0 

1 

2 

1 

2 

1 


0 

0 

0 

0 

0 

0 


1 

2 

-2 1 

0 

0 

0 

0 

0 

0 


0 

0 

0 

1 

2 

1 

2 

1 


0 

0 0 

1 

2 

1 

2 

1 

0 

0 

0 


0 

0 

0 

0 

0 

0 


0 

0 0 

1 

2 

1 

2 

0 

0 

0 

0 


1 

2 

1 

2 

0 

0 

0 

0 


0 

0 0 

0 

0 

0 

1 

2 

1 

2 

0 


1 

2 

1 

2 

0 

0 

0 

0 


1 

2 

-50 

0 

0 

0 

0 

0 

0 


1 

2 

1 

2 

-1 

1 

2 

1 

2 

0 


0 

0 0 

0 

0 

0 

1 

2 

1 

2 

0, 


1 

2 

1 

2 

0 

0 

0 

0 


0 

0 0 

1 

2 

1 

2 

0 

0 

0 

0 


0 

0 

0 

__ 

1 

■ 2 

0 


1 

2 

5 0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

2 

1 

2 

0 


1 

2 

-2 1 

1 

2 

1 

2 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

- 

2 

5 0 

0 

0 

0 

1 

2 

1 

2 

0 


1 

2 

1 

2 

0 

1 

0 

0 


0 

0 0 

0 

0 

0 

0 

0 

0 


1 

2 

1 

2 

0 

0 

1 

0 


1 

2 

-2 1 

0 

0 

0 

1 

2 

1 

2 

0 


1 

V 2 

1 

2 

0 

__ 

1 

; 2 

— 


1 

2 

-20 

1 

2 

1 

2 

0 

0 

0 

0 . 

0 0 

0 

0 

0 0 


0 

1 

2 

0 

0 

1 

2 

0 

0 

1 

2 

0 

0 0 

0 

0 


-2 0 


0 

0 

0 

0 

1 

2 

1 

2 

0 

0 

1 

2 

0 0 

0 

0 


1 

2 : 


0 

0 

1 

2 

0 

0 

0 

0 

1 

2 

1 

2 

0 0 

0 

0 

0 2 


0 

1 

2 

1 

2 

0 

0 

1 

2 

0 

0 

0 

- 

-2 0 

0 

0 

0 0 


0 

0 

0 

1 

2 

1 

2 

0 

1 

2 

0 

0 

0 

0 

0 

0 0 

- 

1 

"2 

0 

0 

0 

0 

0 

1 

2 

2 

0 

1 

2 

__ 

0 

0 

0 0 


1 

2 

1 

2 

0 

1 

2 

0 

0 

0 

0 

0 

0 0 

__ 

1 

2 

- 

2 0 


0 

0 

0 

0 

0 

0 

1 

2 

0 

1 

2 

1 

2 

0 

_ 



0 0 


0 

0 

0 

1 

2 

0 

1 

2 

0 

0 

0 

0 2 

_ 



0 2 


1 

2 

0 

1 

2 

0 

0 

0 

0 

0 

0 

0 0 

0 

0 


2 0 


0 

1 

2 

1 

0 

0 

1 

2 

0 

1 

2 

1 

2 

1 

2 

0 

0 

0 

0 0 

- 

-1 

1 

2 

0 

1 

2 

0 

0 

1 

2 

2 

0 

0 0 

__ 

1 

2 

0 0 


0 

0 

0 

0 

1 

2 

1 

2 

1 

2 

0 

0 

0 -2 

0 

0 


1 

2 : 

' 

‘ 

1 

2 

0 

1 

2 

0 

0 

0 

1 

2 

0 

1 

2 

— 

1 1 

2 2 

0 

0 

0 

' 

1 

2 

-1 

1 

2 

1 

2 

0 

1 

2 

0 

0 

0 

/ 

0 

0 

0 

0 

0 

0 

1 

0 

-1 

0 

0 

0 

0 

0 

0 ' 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 


0 

0 

0 

0 

-1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-1 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-1 

0 


1 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

1 

2 

1 

2 

0 

1 

2 

1 

2 

0 

1 

2 

0 

0 

0 

1 

2 


0 

1 

2 

0 

0 

0 

0 

1 

2 

1 

2 

0 

0 

1 

2 

0 

2 

0 

0 


1 

2 

0 

0 

0 

1 

2 

0 

0 

0 

0 

1 

2 

0 

1 

2 

1 

2 

0 

1 

2 


0 

0 

1 

2 

1 

2 

0 

1 

2 

0 

0 

1 

2 

0 

0 

0 

1 

2 

1 

2 

0 

\ 

1 

2 

0 

1 

2 

1 

2 

0 - 

1 

2 

0 

1 

2 

1 

2 

1 

2 

0 

0 

0 

0 

0 . 


(2.44) 


(2.45) 


(2.46) 
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C is determined by D^A = I + B^C. Here the block matrix B is invertible. Both AB^ and DB ' are 
symmetric matrics. 

In addition, the expressions of A^b, Ma',Tab, Pa don’t involve Fq, (the conjugate variable to the constraint 
Ca of each octahedron). Ca has been set to be 2m in the definitions of Aab,Ma',Tab,Pa- So the symplectic 
transformation in the (CQ.,ra)-subspace is trivial. Ca,Pa still survive as the symplectic coordinates of Px- 
The collection of (Aab, Ma, Ca', Tab, Pa,Pa) is a complete set of symplectic coordinates of Vx- In the coordi¬ 
nate system, the symplectic reduction from Tx to is simply the removal of the coordinates Ca, Fq.. 

The Atiayh-Bott-Goldmann symplectic form on th^n reduces to 

5 

n - ^ ATab A AAab + dF, A dMa. (2.47) 

a<b a=l 

3 3-dimensional Supersymmetric Gauge Theories Labelled by 3-Manifolds 

3.1 Supersymmetric Gauge Theory Corresponding to 5^ \ Fj 

Here we apply the construction by Dimofte, Gaiotto, and Gukov in [1] to define a 3-dimensional N - 2 
supersymmetric gauge theory labelled by the graph complement 3-manifold \ F 5 . 

3-dimensional N - 2 chiral multiplet and vector multiplet can be obtained by the dimensional reduction 
from 4-dimensional Af = 1 chiral and vector. The SUSY algebra in 3d from the dimensional reduction gives 

(A = 0,1,2) 


{Qa,Qa] = 2(^^.P,+2al^Z (3.1) 

where the central charge Z = P^, and the reduction is along x^-direction. In superspace language and in 
WZ-gauge 

0 ( 3 ;, 6) = 4>(y) + + (P0aF(y), + 

Vix,e,e) = -Ta^^^TA^ix) - crl^e^Tcr^'^ix) + iTOah^^ix) - i9aTTAa(x) + ^TeahTD(x). (3.2) 

The vector multiplet contains a real scalar cr^‘*(x) in addition to the gauge field A^(x) and two Majorana 
fermion. By dimensional reduction from 4-dimensions, cr^‘*(x) comes from the component of 4d gauge field 
along the direction of reduction (x^-direction). Here we only consider the vector multiplet with abelian 
gauge group U(l). In 3-dimensions, N - 2 vector multiplet can be dualized to a linear multiplet [28] 

S = D-^DaV = -2(P‘^ - 2iTAa + 2iA"6a - 2Ts^^pd'’AP + 2~ff‘6aD + o{e^e, 0^0). (3.3) 

where e.g. TAa = 

In Dimofte-Gaiotto-Gukov (DGG) construction, the field theory Ta corresponding to an ideal tetrahe¬ 
dron is a single chiral multiplet coupled to a background U(l) gauge field, with a level 1/2 Chem-Simons 
term: 

fiA[Vz] = Jd^fl Jd^eZzVz, (3.4) 

where only the chiral multiplet Oz is dynamical. The level 1/2 Chem-Simons term cancels the anomaly gen¬ 
erated by the gauge coupling of Oz [28]. In defining Ta, a canonical conjugate pair, or namely a polarization, 
has been chosen to be (Z, Z") in the tetrahedron phase space 'PgA. The chiral multiplet is associated with 
the chosen polarization. The R-charge of <^z is assigned to be Im(Z)/ 7 r. The 3d supersymmetric gauge 
theories considered here always preserve the U(l) R-symmetry. 
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Given a 3-manifold obtained by gluing N ideal tetrahedron, as a intermediate step we consider N copies 
of tetrahedron theory T/^: 


-(Ai) 


N „ 

,*I = Z f 


d^6» 


(- 1 / 2 ) 

47r 


f 


d ff Zz. Vz. 


(3.5) 


For an ideal octahedron with = 4, we need a symplectic transformation which changes the tetrahedron 
polarizations (X, X”),(y, Y"),(Z, Z''),(W, W") to the polarization of !Psoct (plus the constraint and gauge orbit) 
{X, Px), (Y, Py), (Z, Pz), (C, F). The symplectic transformation is of “type-GL” in [1] 


U 

0 


(t/-')W’ 


u = 


1 0 0 0 ' 
0 10 0 
0 0 10 
1111, 


(3.6) 


Type-GL symplectic transformation corresponds to the following operation on the supersymmetric field 
theory by DGG-construction: 




[Vz] ^ := 


(3.7) 


Imposing constraint C = 2m corresponds to adding a superpotential W to the field theory. In the case of 
octahedron, 'W - (^x^y^z^w so that 'W has R-charge 2byC - X + Y + Z + W - 2m. As a result the 
supersymmetic field theory corresponding to an ideal octahedron is 


fioct [Vx, Vy, Vz, Vc] 


f 


d^6 dyiy-On + 


n=XXZ 

+ 


(- 1 / 2 ) 

An 


J d^0Z„V„ + J 


+ I d 0 OvOyOzOw + 


<I)‘f H- 

^ An 


f 


d 0(Zc -Zx -Zy - Zz)(Vc - Vx - Vy - Vz) (3.8) 


The superpotential breaks the U(l) symmetry coupled to Vc, which forces Vc - 0. The resulting theory 
Toct has the flavor symmetry ^(l)^ x U{1)y x U{l)z coupled to external gauge fields Vx, Vy, Vz- As a gen¬ 
eral results from DGG-construction, the flavor symmetry of the resulting 3d supersymmetric gauge theory 
labelled by a 3-manifold M 3 is {/( 1)2 where PgMi is the moduli space of SL(2, C) flat connection on 

the boundary of M 3 . 

The graph complement \ Fs is made by 5 ideal octahedra. The corresponding supersymmetric held 
theory is given by 5 copies of Toct followed by a sequence of operations, which corresponds to the symplectic 
transformations in Vd(s^\Y^). We denote the sequence of external gauge fields by Vi - {Vx„, Vy^, Vz„)^=p 
which is a 15-dimensional vector. 5 copies of Toct can be written as 




£. 1 / 

a'=l ^ 




d‘^0 -I- 


An 


d^0(KM/'Z3O(KM/V/) 


d^0 (py Oy O 7 (py 


(3.9) 


where the indices /, /' = 1, • • • ,15, and repeating the indices /, /' means the summation over / and /'. Here 
K is a direct sum 


K - 


j^(a) - 


10 0 ' 
0 1 0 
0 0 1 
-1 -1 -1, 


(3.10) 
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where the matrix K(a) acts on (Vx„, Vr„, VzJ in the subspace labelled by a. simply 5 copies of 

fioct with Vc^ set to be zero. 

The Sp(30, Z/2) matrix in Eq.(2.42) can be decomposed into a sequence of elementary symplectic 
transformations [29, 30]: 


(A B\_/ I 0 \/ 0 I\/ I 0 \/(B-i)^ 0 \ 

l^CD/ l^DB' 0 /\AB^ I/^ 0 B/’ 


(3.11) 


Each step in the above corresponds to a symplectic operation on the supersymmetric field theory [1, 31]. 


1. “GL-type” 


(B-')^ 0 

0 B 


fiocf [^] ^ = Cocf ■ 


(3.12) 


^new ^j.g j-jjg background gauge fields associated with the polarization after the symplectic transforma¬ 
tion. The Lagrangian £i reads 


z.\j r ^ 

4/ 


An 




(^Q Ox dty Ox ■ 


2. “T-type” 


I 0 
AB^ 


j j: £i [y] £2[y“™] = Cl [y"™] + 


— f"™ ■ AB^ ■ y" 


(3.13) 


(3.14) 


The Lagrangian £ 2 [y] reads 
20 

fi2[y] = £ J d40O^e>^"®'>OM + 4(AB^-lBK^KB^)„ J d^GZfVj 


+ 


Ef 

a=l ' 


d 0 


(3.15) 


Here K^K is a direct sum of square symmetric matrices 


K^K - - 


(2 11 ) 
1 2 1 
1 1 2 


(3.16) 


3. “S-type” 


-”i 0 ) ■ ^ fi3[y”™] = ^2 ^ 


V/ 


(3.17) 


Here all the background gauge fields become dynamical gauge fields V. The last term describes the 
new background gauge fields coupled with the monopole currents /topological = dA, which are charged 
under the topological U(l) symmetries. 

20 


£3[y] 


4/ 


d‘^6 + 4(B-1A - Ik^K)/^ J d^0%% - J 


d^O^iVj 


d 6 ^Xa^Ya^Za^Wa 


(3.18) 
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where we have made a field redefinition V i-> V for all the 15 dynamical gauge fields. Here 

we have ignore the Yang-Mills terms of the dynamical gauge fields, since they are exact by SUSY 
transformation, and the partition function is independent of YM coupling [32, 33]. 

4. “T-type” 


I 0 
DB ' I 


e,[r| 


-s^\rs 


[V"' 


"] = £3 [y"™] + ^Jd''0 E"™ ■ DB- 


. yn' 


(3.19) 


The final Lagrangian can be written as follows 


'~s^\rs 


20 „ 

IV, 

M=l 






2/ 

a=\ ^ 


d 6 ^Xn^Ya^Za^Wa 


+ ^ Jd^0 tXj + ^ E/i/y + ^ Jd^e (3.20) 

where t is the dynamical Chem-Simons level matrix, t is the background Chem-Simons level matrix, and s 
is the Chern-Simons level matrix for monopole currents coupled with background gauge fields 

t„ = (B-'A-iK^K)„, t„ = (DB-‘)„, s„ = -(B%'. (3.21) 


In the supersymmetric gauge theory there are 15 dynamical vector multiplet (gauge fields) y/=i,...,i 5 

carrying the gauge group U(l)^^. There are 15 background vector multiple V - (Ta^j, VmJ labelled by the 
position variables iA„i,,Ma) in the final polarization of 'Pa(s^\rs)- The 15 background vector multiple V are 
all coupled with the monopole currents charged under topological U(l). The topological U(l) symmetries 
give the total flavor symmetry U(l)*^ for where 15 equals j dime 'PdisE^^s)- 
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Both the Chem-Simons level matrices t, s are of integer entries: 


'0 0 1 0 0 010 -1 1 -1 0000 ' 

0 2 -1 0 1 -1 0 1 1 -1 0 0 -1 0 0 

1 -1 -2 0 0 0000 0 10000 

0 0 0 2 0 0001 -1 00001 

0 1 0 0 2 -1 110 0 01 -1 00 

0 -1 0 0 -1 200 -1 1 00010 

100010200001000 
t= 0 1 00 1 0011 000000 , 

-1 1 0 1 0 -1 010 -1 00000 

1 -1 0 -1 0 1 0 0 -1 1 0 0 0 1 -1 

-1 0 1 0 0 0000 0 00000 

0 0 0 0 1 0100 0 00000 

0 -1 0 0 -1 0000 0 00000 

0 0 0 0 0 1000 1 00000 

,0 0 0 1 0 0000 -1 00001, 

'0 1 0 1 1 0 -1 -1 -1 -1 -1 0 0 0 O' 

0 0 1-1-10 1 1 1 0 1 0 -1 -2 -2 

0000 -1 1 00 1 00000 1 

0 0 0 -1 -1 -1 0 1 0 -1 -1 -2 0 0 0 

011000000 -1 1 00 -1 -1 
1 1 0 1 0 0 -1 -1 -1 0 -1 0 0 2 1 

-1 100 0 0 -1 0 0 -1 0 0 0 0 0 

s = 0 0 1 -1 0 0 0 0 0 0 1 0 -1 -1 -1 

00100011000 -10-1-1 
0001 00 -1 -1 000 1 0 1 1 

0000 0 -1 0 0 -1 0 0 0 0 0 0 

-1 00000000 -1 00000 
0000000000 -1 0 1 1 1 

0000 0 0 -1 -1 -1 0 0 0 0 1 0 

,0000 0 0 0 1 0 -1 -1 -1 0 0 0, 

The rows and columns of t are ordered with respect to 

^» ^A]4 7 , V',\2g , 1^2^24 , ^A25 7 ^A34 7 , V^2 7 7 ^7 T^g ^ 

The columns of s are with respect to the same ordering. 


(3.22) 


(3.23) 


(3.24) 
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In t, the term B 'A is of integer entries: 


B 'A 


1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-1 

0 

0 ' 

0 

1 

0 

0 

0 

0 

-1 

0 

0 

-1 

0 

0 

-1 

0 

0 

0 

0 

1 

-1 

0 

0 

0 

0 

0 

0 

1 

0 

-1 

-1 

-1 

0 

0 

-1 

2 

1 

1 

-1 

-1 

0 

0 

0 

1 

0 

1 

1 

0 

0 

0 

1 

1 

1 

0 

0 

1 

0 

0 

1 

0 

0 

1 

0 

0 

0 

1 

1 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

-1 

0 

-1 

0 

0 

2 

1 

1 

1 

1 

0 

0 

-1 

-1 

0 

0 

0 

-1 

0 

0 

1 

2 

1 

0 

0 

-1 

0 

-1 

-1 

0 

0 

0 

0 

1 

0 

1 

1 

1 

0 

0 

0 

0 

-1 

-1 

0 

-1 

0 

0 

0 

0 

1 

0 

0 

2 

1 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

1 

2 

1 

0 

-1 

-1 

0 

0 

0 

1 

1 

1 

0 

-1 

0 

1 

1 

2 

0 

0 

0 

-1 

-1 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

1 

0 

0 

-1 

1 

0 

0 

-1 

-1 

-1 

0 

-1 

0 

1 

3 

2 

0 

0 

-1 

1 

1 

0 

-1 

-1 

-1 

0 

-1 

0 

1 

2 

2 . 


(3.25) 


But -jK^K has the half-integer entries, which cancels the gauge anomalies generated by the chiral multi- 
plets. 

A way to understand the idea behind the above manipulation of 3d supersymmetric gauge theories is to 
consider the partition function of the theory on a 3d ellipsoid 5^, which gives a state-integral 

model of M 3 [1, 22]. Some details is reviewed in Appendix A. 

3.2 Gluing Copies of 5^ \ Fs and Supersymmetric Gauge Theories 

Now we consider to glue many copies of \ Fs, to construct a class of 3-manifolds, which are generally 
labeled by .^# 3 . In .^ 3 , any pair of \ F 5 are glued through a pair of 4-holed spheres, being a component 
of the geodesic boundary in d(S^ \ F 5 ). See FIG.5 for a illustration. In general is the complement of a 
certain graph in a 3-manifold X 3 , where 3:3 may have nontrivial 1st homology group It can be seen 

by e.g. gluing 3 copies of \ F 5 and close an annulus cusp to form a torus cusp. 

By the ideal triangulation of \ F 5 , the 4-holed spheres are triangulated by the geodesic triangle 
boundaries of the ideal tetrahedra. 2 copies of 5^ \ F 5 are glued by identifying the 4 pairs of triangles which 
triangulate the pair of 4-holed spheres. Therefore gluing a pair of 5^ \ F 5 change 6 pairs of external edges 
in the pair of 4-holed spheres into 6 internal edges in the ideal triangulation. The 6 internal edges associate 
with 6 constraints {Xe,X'^ are the edge coordinates on the pair of 4-holed spheres respectively)^ 

C£=i,.. ,6 = Xe + X'j,^ Ini + n (3.26) 


imposed on the product phase space 'Pg(s^\ri) x 'Pd{s^\rs)^ whose symplectic reduction gives 

As an example, we identify the 4-holed sphere .Si of 5^ \ F 5 with the 4-holed sphere .S] of another 
\ F 5 . The annulus cusp t\a, which connects .Si,.Sfl of \ F 5 , is continued with the annulus which 
connects .Sj, .S^ of the second copy of S^\F 5 . Firstly the constraints = 2M-i-^ implies that the logarithmic 
monodromy eigenvalues Ai^ is independent of path homotopies [22, 23], i.e. 

a = Ai, + A;„ = 0 , (3.27) 

^[Ce, Ce' I = 0 since the pair of 4-holed spheres are of opposite orientations \Xe, Xe' I = see', [^'e, ^e> I = ^ee" “ ~^EE' ■ 
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4-holed sphere 


1 





Figure 5. Gluing 2 copies of 5^ \ Fs through a pair of 4-holed spheres. In the figure we view the 3-manifolds from 4- 
dimensions (and suppress 1-dimension in drawing the figure). The thick red curves are the annuli cusps in the boundary 
of the 3-manifolds. 


where A'^ is the logarithmic eigenvalues of the monodromies meridian to Secondly the constraints also 
implies the relation between the 4-holed sphere coordinates (Mi, Pi) and (Mj, P'j), i.e.^ 

Cm = Mi+m; =^ij/7r+^j, Cp = Pi+P'i (3.28) 

where ^i, ^2 ^ Z in general, and fi = ^2 = 2 in the example that >Si glued with >Sj. It is clear that Eqs.(3.27) 
and (3.28) are a set of constraints equivalent to Eq.(3.26). 

We consider the symplectic transformations to: 


Ala ) 


'10 0 O' 


' Ala ) 


'Cm] 


'10 0 O' 


'1 1 0 

O' 


' Ml ' 

Ca 


110 0 


^lo 


Cp 


0 0 0 -1 


0 1 0 

0 


M[ 

+ ‘^la 


0 0 1-1 



’ 

I'm 


0 0 10 


0 0 1 

0 


Pi 

Ta J 


,0 0 0 1 , 






,0 10 0 , 


1 

0 

0 

1, 


l-p;J 


where the first transformation is of GL-type, and the second is a composition of S-type and GL-type. Then 
we make a further GL-type transformation in the subspace of constraints and their momenta. 



where the 6x6 matrix U and 6-dimensional vector ve read 


^0 

0 

0 
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2 

1 

2 

1 

2 


'O' 

0 
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2 
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2 

0 

0 
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2 

1 

2 

0 

1 

2 

1 

2 

0 

0 

1 

2 

1 

2 

0 

0 

0 

, Ve = 

6 

6 

1 

2 

0 

1 
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1 

2 

0 

1 

2 


0 

lo 

1 

2 

1 

2 

1 

2 

1 

2 

oj 


,0, 


(3.30) 


(3.31) 


It is straight-forward to apply the symplectic transformation to two free copies of theories by 

the same procedure as in Eqs.(3.12), (3.14), and (3.17). The resulting Lagrangian is denoted by 

®For the second 4-holed sphere 5'| the monodromy A'|^ still relates the edge coordinates X'^ by 2A' = Efi around hole('^£ “ 1^)- but 
because of the opposite orientation, the Poisson bracket with FN twist is of opposite sign = -1. 

^ Again because of the opposite orientation, (MJ, Pj | = -1 where M', P'^ are defined by substituting Xe with X'^ in Eq.(2.30). 
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has 2 X 20 chiral multiplets and gauge group where an additional U(l) gauge symmetry comes 

from the S-type symplectic transformation in Eq.(3.29). The 3d Af = 2 supersymmetric gauge theory 
labelled by ^3 is given by imposing superpotentials to where each superpotential 'We is associated 
to a constraint Ce- 





(3.32) 


The constraints Ce — ^e + ^'e where Xe involves all unprimed, primed, and double-primed coordi¬ 
nates (see Table 1 the expressions of Xe). Recall that our constructions of 2 x 3 ^^^ and 2^3 use the choice of 
polarization (Z, Z") for each ideal tetrahedron. The chiral superfield in the Lagrangian is associated to 
the polarization (Z, Z"). Therefore for Ce involving primed or double-primed coordinate, the superpotential 
WCe involves monopole operators, and in general has a complicated expression in 2 ^,, in contrast to the 
superpotential WCa - in 253 ^ 1 - 3 . But each 'We can be defined as a monomial of chiral super¬ 

fields in a certain mirror Lagrangian to 2^ , which are constructed by a different choices of polarizations in 

'PdA- 

For .^3 obtained by gluing an arbitrary number N copies of 5^ \ Tj, the corresponding 3d Af = 2 super- 
symmetric theories can be constructed in the same manner. There is a description of containing 
2QN chiral multiplet and having U(l)^^^^^ as gauge group, where N is the number of 4-holed spheres shared 
by 2 copies of 5^ \ Ts. The flavor group of T ^3 is U(l )5 . 


4 Holomorphic Block of 3-dimensional Supersymmetric Gauge Theories 


The holomorphic block has been firstly proposed in [2, 18] as a BPS index for 3d supersymmetric gauge 
theory (it has been generalized to 4d gauge theory [19]). It has also been studied recently in [36] via 
supersymmetric localization technique. A brief review of the object is provided in Appendix B for self- 
containedness. 

Let’s consruct holomorphic block of the 3d supersymmetric gauge theory labelled by the graph 

complement 3-manifold \ Ts, which is defined in Section 3.1. Tsi\r^ has the gauge group U(l)*^ and the 
flavor symmetry group U(l)^^. It is straight-forward to obtain the perturbative expression of holomorphic 
block integral 




r 

in 

-JJa 7=1 


dS; 

Si 


exp 


-'Wsi\r,(s,m, K) 


(4.1) 


Both Tand s are 15-dimensional vectors, with s/ = e"' and xi - e"*' {I - I, - , 15). The twisted superpo¬ 

tential has the leading contribution in fi: 

~ ^ 1 
'Ws^\r, {s,m,K) = V [Li 2 (e‘°'^'') -HLi 2 (e"'^‘''') -HLi 2 (e'‘^=^'') -r -H 

/ 3=1 ^ 

+ in&^W^v\ - OTm^DB^'vi + inv 2 ■ in + o{ti) (4.2) 

Here each ct/ stands for a twisted mass (shifted by R-charge) of a chiral multiplet 0-7 s (crx,^,, cry ^, crz,^i]^^^y 
The matrices A, B, D and the vector V 2 are given in Eq.(2.42). The parameters m in the holomorphic block 
is also identified to the phase space position coordinates m in Eq.(2.42). Note that the leading contribution 
of the integrand in B" {x, q) is formally the same as the leading contribution of the integrand in the ellipsoid 
partition function discussed in Section A. 

It is also straight-forward to construct the nonperturbative block integral of B"^ (x, q): 

C di 

B“^^.^^{x,q) = J |~| ^^^CS[k,v;.r, i,^'] |~[BA(zo(i;Ro),9'), (4.3) 
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where the label I - (X^j, There are 20 chiral multiplet blocks Ba in the integrand, 


Y\ Ba{z^(s-, R<s>), ?) = n [^A (sx,,;, q) Ba {sY,fi, q) q) Ba {qSx]fiSY]t,Sz]t,'^ ?)] ( 4 - 4 ) 


/J=l 


The Chem-Simons contribution CS[k, v; x, s, q\ is given by 

CS [k, v; X, s, g'] = j~~[ 


(4.5) 


The exponents a,, bt, rit are given in Eqs.(C.5), (C.9), and (C.IO) in Appendix C. The integration cycle J'a is 
the downward gradient flow cycle for (See Eq.(B. 13) for definition) in the neighborhood of a saddle 

point a. J'a extends toward In s/ —> +cx) away from the saddle point (see [ 2 ] for details). 

The supersymmetric ground states |a) at the asympetotic boundary of are given by the solutions 

to Eq.(B. 1 1), which is in this case (from the derivative of ct/ s ctx,^, ctyij, o'z,fi)- 




^X.u^Y.u^Z.u ) ^ 




n 




(4.6) 


where (B *A)/y e Z, (B ^)/y e Z, and B^^v^ e Z. On the other hand, Eq.(B.15) gives yj = exp pi 

^ DB >?,), Y\ ® 

J K 

or in terms of logarithmic variables: p - -(B“*)^(? + DB^'m + i7r(v2 - DB^'vi) + 2mN, (4.7) 

where Ni e Z, (DB“')//(: e Z and (vy - DB“'vi)y 6 Z. We can find i or <? 

J K L 

or (7 = -B^p + B^DB^'m + inW (vj - DB^'vi) + 27r/B^A^. (4.8) 

s - s(x,y) is multivalued because the entries of B are half-integers, involves the square-roots of x,y. 

Inserting Eq.(4.8) into Eq.(4.6), we obtain an algebraic equations Aj(x,y) - 0 {I = 1, • • • , 15) locally 
describing the holomorphic Lagrangian submanifold -CsusY(T53\r'5). The resulting Aj(x,y) - 0 (considering 
all possible choices of +/) is identical to the set of algebraic equations, which describes the embedding 
of Xs3\r5(t) in the phase space 'Ps(s^\rs)- The construction of -Cs3\r5(t) is carried out in Appendix D by 
following the procedure in [22]. Note that from the derivation in Appendix D, Eq.(4.6) already equivalently 
characterizes i)s3\r5(t), although i, x aren’t canonical conjugate. Eq.(4.7) is simply a change of coordinates. 

A supersymmetric ground state \a) «-> i^“^(y) is a solution to Eq.(4.6). It determines a unique }^“'(x) 
satisfying A/(x,y) = 0 by 

yf{^ = g/3r(v-2-DB-‘v,), j-j Y] (4.9) 

J K 


)lK 


O' 


,/3rBt;(y2-DB Ai)^ 



Rigorously speaking, the Lagrangian submanifold -CMjit) for any ideal triangulated M 3 might have mild 
but nontrivial dependence of the ideal triangulation t, because of its construction uses a specific triangulation. 
Xmj)!) captures those flat connections whose framing data is generic with respect to the 3d triangulation t, 
namely the parallel-transported flags inside each tetrahedron define non-degenerate cross-ratios z,z',z" e 
C \ [0,1). Thus is an open subset in the moduli space Xms of framed SL(2,C) flat connections. If 

the triangulation of a 3-manifold M 3 is not regular enough, constructed by following the procedure 

in [22] or Appendix D might only capture a small part of although genetically the closure of is 

independent of regular t and usually isomorphic to £.m^- 
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Comparing Eqs.(4.6) and (4.8) and the construction in Appendix D manifests the isomorphism 

■CsusYiTs^Xr^) - (4.10) 

in the case of the graph complement 3-manifold M 3 = 5^ \r 5 . constructed in Appendix D captures 

the right part of framed flat connections which is useful in Section 5. And we do believe that the triangulation 
in Section 2.1 is indeed regular enough to make X.s^\r 3 (t) ^ -Cs^\r5- 

Importantly the proof of the isomorphism in Appendix D identifies the parameter pi with the momentum 
variables in Eq.(2.42). Therefore the symplectic structure fIsuSY is identified to the Atiyah-Bott-Goldman 
symplectic form, by the identification of the parameters in gauge theory and the symplectic coordinates of 
i.e. m - (A„/,, M^,) and p - {Tat, Pa)- Therefore the leading order contribution to the holomorphic 
block is given by a contour integral of the Liouville 1-form in terms of the right symplectic coordinates: 

5 

where ^ TatdKh + ^ PadM^ - (4.11) 

a<b a=\ 

Now we consider the theory T defined in Section 3.2. As an example we consider again obtained 
by gluing 2 copies of 5^ \ Es by identifying >Si and >Sj. The holomorphic block of has the perturbative 
expression 


1 

= exp - ■» + o{\nK) 

I^JgcXsusy 



s ,s,m,m ,K) 

n 


(4.12) 


where s - exp((T) comes from the addition U(l) gauge symmetry as 2 copies of 5^ \ Es are glued through a 
4-holed sphere, and the twisted superpotential reads (recall that m = (Aab, Ma)) 

'W^As,^,s,m,m',ti)-'Ws3\Y3(s,rn,fi)\ -\-'Ws 2 \rAs ,m',h)\ (4.13) 

' ' lAj^=-Aifl, MJ=(T 

We use again Eq.(B.ll) to obtain the supersymmetric ground state lo-) at the asymptotic boundary of 
5'. The derivatives of 'W in ^'and have been computed above. We only need to insert Mi - 
in^i - (T, Aj^ = -Ala, and MJ = o" in the results Eq.(4.6). The derivative in s gives a new equation. Recall 
the definition of y, = exp(/ 7 ,) in Eq.(B.15) for Tj 3 \r^, where p, is a derivative of Ws 3 \r 5 in m,. But the 
derivative of AV in s (or &) is computed by the derivative of Mi or MJ in each Wj 3 \r 5 - The new equation 

from the derivative in s is essentially the constraint Cp in Eq.(3.28) ^ 


exp P 




+ P'A 


IA',„=-Ai<7, M[=a- 


exp (i7T^2) ■ 


Or more explicitly in terms of (?, <?' ® 

exp [(o-/ - cr')(B^')/,M, - {mi - otJ)(DB^')/,m, - {inA - 2o-)(DB"')m,,m, + in^i] = 1 


(4.14) 


(4.15) 


The effective El parameters y, are derived by Eq.(B. 15). Most of y/’s are still given by Eq.(4.7) (inserting 
Ml = in^i - &, Aj^ = -Ala, and MJ = &), except that there is no effective El parameter for Aj^, while the 
effective El parameter yA,„ = T 4 = exp(7f^) {{^ denotes the annulus extended from 7’ia) is given by 




exp T"! 


la\ 


\Mi=i7T(\ -& 




Aj^=-Aifl, M\=& 


(4.16) 


“According to our orientation convention in Section 3.2, exp!-- I = exp(-P'). 

^The matrix element is actually zero, see the Chem-Simons level matrix t. But we keep it in the formula for the 

generality, because (DB“^)m 5 ,M 5 = 1 if the pair of 5^ \ Fs are glued by identifying 4 S 5 , *5^. 
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The algebraic equations determining the supersymmetric ground states containing 2 copies of Eq.(4.6) 
for unprimed and primed si and xj. We still use Eq.(4.7) but only understand it as changes of variables from 
cTj, cr'j yi,y'i- As before, the changes of variables results in the two sets of algebraic equations Ai{x,y) = 0 
defining 2 copies X.svs\(Ts\r 5 )- However the constraints Mi = in^i - &, Aj^ = -Ai^, and MJ = d" are 
imposed to Aj(x,y) - 0, and the new equation Eq.(4.14) from the derivative in s also has to be imposed as 
well. Moreover Eq.(4. 16) motivate us to introduce the new variables T 4 


A/(.r,y)| 


Ml =i7r^l ~d-,Tla=T[^ ~'^la 


- 0 , and 


Ay(x',/)|^^ =. 




= 0, 


(4.17) 


where I,J - Now we need to eliminate & because it comes from a dynamical gauge field, 

and we also need to eliminate Pi and because their conjugate variables Mi and Aj^ have already been 
eliminated. The elimination uses 6 of the above equations, so it results in 24 equations with 48 variables 


with x = (4.18) 

where {labels the annulus cusps in and S labels the 4-holed spheres in 8 ^ 3 . 

The algebraic equations A_^j{x,y) - 0 defines the moduli space of supersymmetric vacua Xsusy(7^..# 3 )- 
By construction, we have the isomorphism 


-Csvsy(T^,) ^ 


(4.19) 


It is because Eq.(4. 17) is essentially the application of the symplectic transformation Eq.(3.29) to 2 copies 
of A/(x,y) = 0, followed by imposing the constraints Eqs.(3.27) and (3.28). The conjugate momenta of 
the constraints Ca,CM,Cp are E^ = - Ph and Ep = MJ - These momenta are precisely the 

variables eliminated in the last step of deriving A^^ (x, = 0. Therefore the above procedure to obtain 

Eq.(4.18) coincides with the procedure of deriving from -Cs 3 \r 5 (t) in [22]. As a supersymmetric 

ground state la), a solution s)*^“^(x) to Eq.(B. 11) corresponds a unique solution }^“'(x) to A^j (x, y) - 

0 . 

The moduli space of framed flat connections can also be characterized by a pair of Eq.(4.6), 

imposing the constraints M\ - iji^\ - &, Aj^ = -Ai^, and Mj = & to x, as well as combining Eq.(4. 15). 
After eliminating 7 of the si, s'j variables (including s) by using 7 equations, we end up with 24 equations 
with 48 s,x variables, which relate A^, (x( 3 ^ = 0 by a change of coordinates. 

The above results can be generalized straightforwardly to arbitrary ^3 made by gluing many copies of 
5 ^\r 5 . Eqs.(B.l 1) and (B.15) can be applied to the twisted superpotential of P^ 3 , to derive the moduli space 
of supersymmetric vacua -Csusy(P ■ A^j (x, = 0. We always have the isomorphism -Csusy(P.^ 3 ) - 

with the moduli space of framed flat connections, and have the 1 -to-l correspondence between 3 ^“^ (i^ 
and sl“'(x). By the isomorphism, Qsusy is identified to the Atiyah-Bott-Goldman symplectic form on 
The parameters x, y are identified to the symplectic coordinates on . 

X = (4^2, df, m.s), y = (Tr 2 , T^, p.s) (4.20) 


Here Api - exp(Api), Tpi = exp( 7 “ 7 ' 2 ) are the eigenvalues of meridian and longitude holonomies of each 
torus cusp in 8 ^ 3 . The torus cusp happens e.g. when we glue a pair of \ Eg through 2 pairs of 4- 
holed spheres, or when we glue 3 copies of \ Eg, and each pair of \ Eg share a 4-holed sphere. 
Af - exp(Af) is the eigenvalue of meridian holonomy to each annulus cusp. Af is the complex EN length 
variable constructed in Section 2.2 in the case of 5^ \ Eg. = exp(7~}) is the conjugate complex EN twist 
variable. m.s = exp(M.s)> P 5 = exp(f’. 5 ) are the position and momentum coordinates associates to each 
4-holed sphere S c 8 ^ 3 . 

The leading order contribution to the holomorphic block is given by a contour integral; 




-I 8 + o(\nK) 
^ J(£( ‘ 


/(ScXsUSY 


(4.21) 
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where & is the Liouville 1-form 


§^^lnTj-2 ^ 

T2 


Z , d/if 

- ^ I 


+ 


5 


dm^ 


This result will be important in deriving the relation with 4-dimensional simplicial gravity. 


(4.22) 


5 Supersymmetric Vacua and 4-dimensional Simplicial Geometry 

5.1 Supersymmetric Vacua of and 4-dimensional Simplicial Geometry 

Let’s consider the class of 3d Af = 2 supersymmtric gauge theories labelled by the class of ./# 3 , being the 
gluing of many copies of 5^ \ Ts in FIG.5. The parameter space (moduli space) of massive supersymmetric 
vacua -Csusy(T.^ 3 ) is isomorphic to the moduli space of framed SL(2, C) flat connections -C.^ 3 (t) which can 
be captured by the ideal triangulation t in Section 3. 

In this section, we would like to show that given a 3-manifold it corresponds to a unique simplicial 
manifold in 4-dimensions. There exists a class of supersymmetric vacua in -Lsvs.YiT or namely a 
class of framed flat connections in that equivalently describes the simplicial geometry on .^ 4 . 

As the simplest and most important example in the correspondence between the supersymmetric vacua 
in -£susy(T.^ 3 ) and the simplicial geometry on ^ 4 , we consider the supersymmetric gauge theory 
whose -CsusY(Ts 3 \r 3 ) is isomorphic to -Cj 3 \]- 3 (t). In our correspondence, the 3-manifold 5^ \ Ts corresponds 
to a 4-manifold, which is a 4-simplex FIG. 6 . A 4-simplex may be viewed as the simplest 4-manifold, in 
the sense that 4-simplex is the building block of the simplicial decomposition of arbitrary 4-manifold. It 
turns out that there is a class of supersymmetric vacua in -C^vsYiT which equivalently describes all the 
geometries of a 4-simplex with a constant curvature k. 



Figure 6. A 4-simplex. 


There is a simple idea behind this correspondence. The relation between the manifolds of different 
dimensions can be related by considering two types of fundamental groups living in different dimensions. 
Firstly, let’s consider a ((f-l)-dimensional manifold Md-\, which maybe taken as a ((f-l)-sphere with certain 
codimension-2 defects, and let’s consider the fundamental group ni{Md-i). On the other hand, we consider 
a ^f-dimensional polyhedron Md, and the fundamental group of its 1-skeleton, denoted by nxiskiMd))- We 
claim that for any (f-dimensional polyhedron Md, there exists a (t/ - l)-dimensional manifold Md-\, such 
that we have an isomorphism between the two fundamental groups 


7ix{Md-\) ^ 7ri(sk(M3,)). 


(5.1) 







A simple topological proof is follows'®: Let Md be a (f-polyhedron, dMd its topological boundary, which is 
decomposed into cells by sk(Mrf). Let L e dMd be the {d - 3)-skeleton of the dual cell decomposition of 
dMd- Then sk(M^) is homotopic to dMd \ T. 

Now we assume there are flat connections Wfiat of structure group G on Md-\, and there are geometries on 
Md- Each geometry on Md gives a spin connection cuspin- Once a pair {Md, Md-i) satisfying Eq.(5. 1) is found, 
the spin connection on Md are related to the flat connection on Md-\. Indeed, when we evaluate holomonies 
of wspin along the 1-skeleton of Md, we obtain a homomorphism (modulo conjugation) from 7 T\{sk(Md)) to 
SO{d) or SO(d -1,1) for Euclidean or Lorentzian signature. On the other hand, the flat connections Wflat 
is a homomorphism (modulo conjugation) from ni{Md-i) to the structure group G. Therefore we obtain the 
following commuting triangle if G is SO(d) or SO(d - 1,1): 

7Ti{Md-i) ^ niisHMd)) 


Wflat \ 


^ (Jj 


spin 


SO(d) or SO(^f-l,l) (5.2) 

where S denotes the isomorphism from ni{sk(Md)) to 7 ri(Mj_i). As the representations of the two types of 
fundamental groups, the spin connection on Md and flat connection on Md-\ are related by 

t^Spin — tUflat ° 5. (5.3) 

In the following we give 2 explicit examples of the pair (M^_i, M^) which is used in our analysis. The 
simplest example of the pair (Md^i, Md) satisfying the isomorphism Eq.(5. 1) is in the case ofd = 3: Let Md-i 
be a 4-holed sphere 5^ \ {4 pts), and Md be a tetrahedron. The fundamental group of 4-holed sphere is given 
by TTiiS^ \ {4 pts)) = (Ii=i,. ., 4 |l 4 l 3 l 2 li = e) where I,- is a noncontractible loop circling around a hole. On the 
other hand, for the 1-skeleton of a tetrahedron, its fundamental group is generated by 4 closed paths ,4 
along the 1-skeleton, each of which circles around a triangle as in EIG.7. It is not difficult to see that if one 
connects all the 4 paths, it actually gives a trivial path. Therefore tti( sk(Tetra)) = {pi=i, - A\PAP'iP 2 P\ - !)■ 
Obviously 

TTi ( 5 ^ \ {4 pts)) ^ ;7ri(sk(Tetra)). (5.4) 

We choose the structure group to be SO(3), so that the spin connection on a tetrahedron are related to the flat 
connection on 4-holed sphere. By using this relation, all possible constant curvature tetrahedron geometries 
can be reconstructed by the flat connections on 4-holed sphere [52]. 



Figure 7. A 4-holed sphere and a tetrahedron. 


Let’s go to 1-dimension higher and consider a pair (Md-\,Md) with d - A\ Let Md-i be the graph 
complement 3-manifold 5^ \r 5 , and Md be a4-simplex. The fundamental group 7ri(5^ \r 5 ) can be computed 

***1 thank an anonymous referee for pointing it out. 
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in a generalized Wirtinger presentation [53, 54]: ;7ri(5^ \r 5 ) is generated by a set of loops lab meridian to the 
edges {ah of the Fs graph, modulo the following relations: 


vertex 1 : 


vertex 2 : 

172*124123125 = e, 

vertex 3 : 

123(1*13^*134135 = 

vertex 4 : 

134134^4^45 = e. 

vertex 5 : 

^25^35M5h5 “ 

crossing : 

t( 1) _ r r(2)T—1 

n 3 ” ^ 24 li 3 124 * 


The fundamental group tti (sk(Simplex)) can be computed in a similar way as the case of tetrahedron, i.e. 
stating from a fixed base point and drawing closed paths Pab around each triangle ^ab (the triangle that doesn’t 
connect to the vertices a and h). ;7ri(sk(Simplex)) is generated by the closed paths pab modulo the following 
relations [54] 


Tetra 1 : pup\^Pi 2 Pi 5 = 1, 
Tetra 2 : p\lp2AP2-iP25 = 1, 
Tetra 3 : P 23 (^ 13 ^ 34^35 = 1, 
Tetra 4 : P^IpiIpuPm = 1, 

Tetra 5: p-^lp-^lp-^lp-] ^ 

• >> ( 1 ) ( 2 ) -1 
crossing : P 13 - ^ 24/213 / 224 - 


(5.6) 


where Tetra a {a - 1, ■ ■ • , 5) label the 5 tetrahedra forming the boundary of 4-simplex. Each tetrahedron 
corresponds to a vertex of the Fs graph. By comparing Eq.(5.5) and Eq.(5.6), it is obvious that 

TTi ( 5 ^ \ F 5 ) ^ 7ri(sk(Simplex)). (5.7) 


Given the identification of the tetrahedra of 4-simplex and the vertices of F 5 , and certain orientation compat¬ 
ibility, the isomorphism between n\ (s^ \ Fj) and ; 7 ri(sk(Simplex)) is unique [54]. We consider Lorentzian 
4-simplex geometries and choose the structure group G to be PSL(2, C) ^ SO^(3,1). Then the spin connec¬ 
tions on 4-simplex are related to the flat connections on 5^ \F 5 by the commuting triangle (5.2) and Eq.(5.3). 
We can also consider the structure group G - SL(2, C) then Eq.(5.3) is modified by + sign. 

However wspin obtained here, as a representation of ; 7 ri (sk(Mrf)), only gives a set of holonomies along the 
1-skeleton. So wspin doesn’t contain enough information about the geometry on Md unless there is additional 
input. Now we assume that the 4-simplex is embedded in the constant curvature spacetime, such that all the 
triangles are flatly embedded surfaces (vanishing extrinsic curvature). Different 4-simplex geometries give 
different edge lengths, while the interior of 4-simplex is of constant curvature geometry ' ^ . For a 2-surface / 
flat embedded in a constant curvature spacetime, the holonomy of spin connection along df relates the area 
ikf of the 2-surface and the bivector £/ at the holonomy base point O: 


/2a/(wspin) = exp -a/£/(6)) 


e SL(2,« 


(5.8) 


Here both k and ay are dimensionful and defined with respect to a certain length unit. But the product KAf is 
dimensionless and independent of unit. The bivector is expressed in terms of the area element and tetrad 
by e 5 I 2 C. The proof of this result is straight-forward (see [54] for details). From the 

holonomies of spin connection along the closed paths in 7ri(sk(Simplex)), we can read the areas Sab and the 

"Gluing constant curvature simplices give a large simplicial geometry which is locally constant curvature. But the simplicial 
geometry can approximate arbitrary smooth geometry when the simplicial complex is sufficiently refined. 
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normal bivectors &ab of the triangles fa* Then it turns out that the area and bivector data fix completely 
the constant curvature 4-simplex geometry, including the sign of constant curvature sgn(/r). Here we state 
the result and refer the reader to the proof in [54, 55] 

Theorem 5.1. There is a class of framed flat connection in Alflat(5^ \ r5,SL(2, C)), in which each flat 
connection determines uniquely a nondegenerate, convex, geometrical 4-simplex with constant curvature k 
in Lorentzian signature The tetrahedra of the resulting 4-simplex are all space-like. 

If the class of framed flat connection is projected to Alfiat(5^ \ Ts, PSL(2, C)), the correspondence with 
constant curvature 4-simplex is bijective. There are two ways to describe the class of framed flat connections 
satisfying the above correspondence with 4-simplex geometry; 

• We impose the following boundary condition on d{S^ \ Ts) = '^g=6'. As it is manifest in the ideal tri¬ 
angulation, the closed surface can be decomposed into five 4-holed spheres Sa^i, -, 5 . We require 
that the SL(2, C) flat connection reduces to SU(2) flat connection, when it is restricted in each Sa 
[54, 55] The framed flat connection satisfying the boundary condition satisfies the correspondence 
to a constant curvature 4-simplex in Theorem 5.1. 

• The framed flat connections on 5^ \ Ts belong to a Lagrangian submanifold -Cs^yrs embedded in 
the phase space 'Pg(s^\r 5 )- The flat connections satisfying the correspondence in Theorem 5.1 live in 
2 branches a 4 d,a 4 d of -Cs 3 \r 5 - The 2 branches am, am are related by a 4-simplex parity [54, 55]. 
Namely, given a flat connection A on a4d, there is a unique flat connection A on a4d, such that (1) A, A 
determines the same 4-simplex geometry, but with opposite 4-simplex orientations; ( 2 ) A, A induce 
the same SU(2) flat connections on all Sa- The pair of flat connection A, A are referred to as a parity 
pair, being an analog of the situation in [57-61]. 

A similar result can be proved at the level of the pairing (5^ \ j4pts], Tetra) from Eq.(5.4) (see [52] 
for a proof, see also [54] for a sketch); Any framed SU(2) flat connection in \ (4pts],SU(2)) 

determines a uniquely a nondegenerate convex geometrical tetrahedron with constant curvature k. As a 
difference from Theorem 5.1, the flat connections corresponding to tetrahedron geometry are dense in 
AifiatiS^ \ (4pts], SU(2)). Again if the structure group is SO(3) instead of SU(2), the correspondence is 
bijective. 

Actually the correspondence between SU(2) flat connection on 4-holed sphere and constant curvature 
tetrahedron is a preliminary step toward Theorem 5.1. It is because each vertex of Ts leads to a 4-holed 
sphere, which corresponds to one of the 5 tetrahedra on the boundary of 4-simplex (comparing Eq.(5.5) 
and Eq.(5.6)). The tetrahedron geometries reconstructed from SU(2) flat connections form the boundary 
geometry of 4-simplex. It is also the reason of boundary condition mentioned above. 

Recall the definition of framed flat connection on M 3 and dM^, here for 5^ \ Ts we denotes by Sab 
the framing flag on the annulus connecting the 4-holed spheres Sa and Sg. We continue Sab to the 4-holed 
spheres by parallel transportation, although the continuation may introduce branch cuts by the nontrivial 
monodromies of cusps. Let’s fix a point on Sa, and parallel transport Sah to p^ and denotes the value by 
^ahiVa)- Eirstly SahiPa) IS an eigenvector of the holonomy Hab meridian to annulus cusps (ab based at p^. 
Secondly SabiVa) is multivalued since a parallel transportation around (ab results in SabiVa) ^ 4abSab(Pa), 
where Aab is the eigenvalue of Hab- Because the flat connections we considered become SU(2) flat connec¬ 
tions on each Sa, the holonomy Hab belongs to an SU(2) subgroup of SL(2, C), so it makes sense to endow 

’^Note that there is a subtlety in identifying unambiguously the area and bivector of each triangle. But the subtlety can be resolved 
by requiring the tetrahedron convexity [52, 54]. 

sgn(A:) is also determined by the flat connection. The magnitude of k depends on the length unit. 

*^lt doesn’t mean that the flat connections satisfying the boundary condition are SU(2) on entire because different Sa associate 
with different SU(2) subgroups in SL(2, C). 
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a Hermitian inner product ( , ). We normalize the vector SabiVa) by the Hermitian inner product, and 
denote by 


^ab - 


^abiVa} 

l‘^a/7(Pa)ll 


(5.9) 


^ab is defined up to a phase since the eigenvalue Aab e U(l). The set of four Hab’s (b + a) are sharing 
the same base point on Sa, so they satisfy the relation HabiHabj.Hab 2 Habt = 1 by the representation of 
fundamental group. By the correspondence between SU(2) flat connection on 4-holed sphere and constant 
curvature tetrahedron, each H^b relates the triangle area Sah and normal vector n„i, of the tetrahedron face by 


+ Hab = exp 


■ cr 
o 


where n^b = (^ab, ^^ab) 


(5.10) 


where (? denotes the Pauli matrices. The relation may be understood by considering Eq.(5.8) and letting e'^ 
be the time-like normal of the 2-surface. + comes from the 2-fold covering of SU(2) over SO(3) Here we 
see that the framing flags of flat connection relate to the normal vectors of the tetrahedron faces 

Let’s come back to the moduli space of massive supersymmetric vacua X-susviTs^rs)^ which is iso¬ 
morphic to the (open) moduli space of framed SL(2,C) flat connections Xsa^p^)!) defined by the ideal tri¬ 
angulation t in Section 3. The flat connections in Xs 3 \r 5 (t) give each ideal tetrahedron in t non-degenerate 
cross-ratios z, z',z" e C \ {0,1). Let’s check the cross-ratios in each ideal tetrahedron for the flat connections 
satisfying Theorem 5.1. The ideal triangulation t in LIG.3 has the following feature: Lach ideal tetrahedron 
touches 4 edges (corresponding to 4 annuli cusps) in the graph Ts at the tetrahedron vertices. 3 of the 4 edges 
are connected to the same vertex of L 5 . In addition to these 3 edges, the ideal tetrahedron touches another 
edge of Ts, which doesn’t connect to the same vertex. Without loss of generality, take the ideal tetrahedron 
in Oct(l), which contributes an ideal triangle to S 2 (the tetrahedron with parameter 2fi). The tetrahedron 
touches connecting to the vertex 2, and touches ^35 which doesn’t connect to the vertex 2. The 

tetrahedron parameters ,e^' ,e^ " are the cross-ratios of the framing flags S 23 , * 24 , * 25 , and S 35 when they 
are parallel transported to the same point. We choose to parallel transport the framing flags to P 2 on S 2 and 
denotes 


/l - fts, fl - h - ^24, /a - G22^25 025^53 ( 5 . 11 ) 

where Gab denotes a holonomy of flat connection traveling from p* on Sb to x>a on Sa- The cross-ratios are 
given by 

X ^ (/4 A /2)(/i A /a) y ^ (/2 A /3)(/i A X) x" ^ (/l A /2)(/3 A fX) 

{/a a /i)(/2 a /a) ’ (/2 A /i)(/3 A /4) ’ (/i A /3)(/2 A /4) ^ ^ 

where /A/' s /'/'^ and all the cross-ratios are SL(2, C) invariant and invariant under the individual 

scaling of /i,..., / 4 . It is straight-forward to check that 

c^"+c-^=l, + e^'+ e-^" ^ I (5.13) 

being cyclic invariant under X X' ^ X" X. Any of the cross-ratios become 0, 1 or oo if and only if 
one of the cross-ratio vanishes, i.e. there are two vectors fj and fk collinear. Lirstly any pair in {/i,/ 2 ,/ 3 ) 
being collinear would imply a pair of ^’s collinear at P2. Secondly fi, cx /i or /4 oc /2 would imply ^35 oc ^32 
at P3 e S 3 or ^53 oc ^52 at ps e S 5 . Therefore i)x3\r5(t) doesn’t contain the flat connections which lead to 

’^Given an SL(2, C) flat connection on \ Fj satisfying Theorem 5.1, one should first project down to PSL(2, C) which is bijective 
to constant curvature 4-simplices, then lift it back to SL(2, C). + or - is uniquely determined by asking the lift to be the same as the 
original SL(2, C) flat connection. 

’®The dihedral angles between tetrahedron faces are given by (FIG. 7 for example) cos ^,4 = n, . nj for (i,j) ^ (2,4) and cos 024 = 
Tff'ft 2 ■ 314 , where it, is the normal of the triangle f, that doesn’t connect to the vertex i. <j>ij is the dihedral angle between f, and Aj. Hi 
is the representative of pi in SU(2). The constant curvature k relates to the Gram matrix Gram ,4 = - cos 0,4 by sgn(x) = sgn(det Gram). 
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collinear ^’s on the 4-holed spheres'^. Thirdly -Cs 3 \r'^(t) doesn’t have collinear and f^. The holonomy Gat 
has been computed for the flat connections satisfying Theorem 5.1 [54-56], and relates to the hyper-dihedral 
(boost) angle &ah by ** 


Gab - Mat 


-jSgn(V4)0„6 


e 2 


0 

4sgn(V4)0„i, 


M, 


ba ’ 


where Mat - 


1 _S2 

ah ^ab 
■2 ?I 
^ab 


^ab 


(5.14) 


Between parity pair A, A, the sign of 4-volume sgn(V 4 ) flips sign, while the angle @ab does’t flip sign. That 
/4 and /3 are not collinear implies 


' g-5Sgn(V4)023 


V 


0 


0 

gisgn(V4)023 


-^ 32^5 9 ^ -^ 23^24 




{5.15) 


It means that for certain f’s, special values of ®ab might not be included in i]s 3 \r 5 (t)- See Appendix E 
for some additional geometrical meanings of the condition Eq.(5.15). -Cs 3 \f' 5 (t) as an open subset includes 
generic flat connections that satisfies the correspondence in Theorem 5.1. Some special flat connections, 
which are not captured by i]j 3 \r 5 (t), might still satisfy Theorem 5.1. But they form some lower dimensional 
subspaces, and can be included by the closure of -Cs 3 \r 5 (t). As a result, the moduli space of massive super- 
symmetric vacua J1.s,\jsy{T g3,\Ys)7 when we take the closure, includes all the nondegnerate, convex 4-simplex 
of constant curvature. 

The result can be generalized to ^3 obtained by gluing a number of 5 ^ \ Ts, which relates to a simplicial 
manifold with the same number of 4-simplices (EIG. 8 ). When two copies of 5^ \ Eg are glued through a 
pair of 4-holed spheres S,S', the fundamental group nx{./^^) of the resulting ./#3 are given by two copies of 
7 ri( 5 ^ \ Eg) modulo the identification of the generators on S and S' ( 7 ri(>S) ^ 2 ri{S') with the isomorphism 
denoted by I). The resulting n\{.y^-i) is isomorphic to the fundamental group of a 1-skeleton 7 ri(sk(.^ 4 )) 
from the 4d polyhedron ^4 obtained by gluing a pair of 4-simplices. However here the 1-skeleton sk(^ 4 ) 
includes the edges of the interface (the tetrahedron shared by the pair of 4-simplices), as it is drawn in EIG. 8 . 
It is the key point to make general simplicial geometries on .^4 which make curvatures in gluing 4-simplices. 

Given two (framed) flat connections A, A' as homomorphisms (representations) 7 ri( 5 ^ \ Eg) —> SL(2, C) 
modulo conjugation, they can be glued and give a flat connection 32 / on .^#3 if they induce the same represen¬ 
tation to 7 ri( 4 S) and 7 ri( 4 S') (i.e. A = A' o I). Let’s consider A, A' satisfying Theorem 5.1 and corresponding 
to 2 nondegenerate, convex, constant curvature 4-simplices S, S'. When A, A' glue and give a flat connec¬ 
tion s>/ on .^ 3 , they induce the same SU(2) representation to 7 ri(>S) and jiiiS'). The SU(2) representation 
(modulo conjugation) reconstructs a unique geometrical tetrahedron of constant curvature. The constant 
curvature tetrahedron belongs to both 4-simplices S, S' for A, A' satisfying Theorem 5.1. Therefore the 
flat connection on ^3 determines a 4-dimensional geometrical polyhedron obtained by gluing constant 
curvature 4-simplices S, S'. The procedure can be continued to arbitrary .^#3 = U^j(5^ \ Tg). It identifies a 
class of framed flat connections on .^ 3 , which determine all 4-dimensional geometrical polyhedron (.^# 4 , g) 
obtained by gluing N nondegenerate, convex, constant curvature 4-simplices . 

There are two remarks for the geometrical polyhedron (.^ 4 , g) determined by the pair (.^ 3 , £/): 

’^That f’s are non-collinear excludes some degenerate tetrahedron geometries, from the expression of dihedral angle, 
is the boost angle between two tetrahedra sharing {ab on the boundary of constant curvature 4-simplex. 
is a flat section over the annulus implies Gab^abiVb) = .Sai(Pa). In terms of we have Gab^ba = EMf‘"’byEq.(5.9). 
any cross-ratio is assumed to be degenerate z,z^ z" e {0, 1 , 00 } in any of the 4 ideal tetrahedron in Oct(l), it would only imply 
a pair of collinear ^’s at certain 6 Sa, or imply Eq.(5.15), and no more. Eq.(5.15) means that X 53 \pg(t) doesn’t contain the flat 
connection which makes 535 and S 2 a collineai* when pai'allel transport to the same point. This condition is the same in all the 4 ideal 
tetrahedron in Oct(l). There are 4 more conditions similar to Eq.(5.15) from other 4 ideal octahedra. 

All 4d polyhedron geometries are covered because at the level of a single 4-simplex, all nondegenerate, convex, constant curvature 
4-simplex geometiy are covered by the closure of 
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Figure 8. ^3 are obtained by gluing a number of 5^ \ Fj, and relates to a simplicial manifold with the same number of 
4-simplices. 


• The simplicial manifold ^4 can have all possible discrete geometries^^. The only restriction is that 
locally inside each 4-simplex, the geometry is of constant curvature with fixed k. But the 4-simplices 
can have e.g. different shapes and edge-lengths. The curvature of the resulting geometrical polyhedron 

is generic, which is described by the deficit angles s(f) located at the triangles f. 

• may not have a global orientation, i.e. different 4-simplices may obtain different orientations, 
because of the existence of parity pairs A, A. The parity pairs A, A induce the same SU(2) flat connec¬ 
tion on all Sa- There is freedom to choose A or A on each individual 4-simplex. All 2^ choices give 
2 ^ flat connections on .^3 which determines the same geometry on .^ 3 , but with different assignment 
of 4-simplex orientations. Within the 2^ choices, there are a unique pair of flat connections, denoted 
by ( 42 /, 42 /), correspond to a geometry on .^3 with uniform orientations in all 4-simplices. ( 42 /, £/) 
may be referred to as global parity pair, since they determine two opposite global orientations of 

The ideal triangulation t of is easily obtained by gluing the ideal triangulation of 5^ \ Ts. The flat 
connections 42 / corresponding to 4-geometry {^ 4 , g) are obtained by gluing the flat connections A satisfying 
Theorem 5.1 on \ Ts. Generically A satisfying Theorem 5.1 induce nondegenerate cross-ratios z,z',z" e 
C \ {0,1) in all ideal tetrahedra in 5^ \ Ts. Then almost all 42/ having 4-geometry correspondence induce 
nondegenerate cross-ratios z,z',z" e C \ {0,1) in all ideal tetrahedra in thus belong to The 

exceptional 4 /’s can be included by taking the closure of ^ result, the moduli space of massive 

supersymmetric vacua ■Csns.YiJ when we take the closure, includes all the simplical geometries (./# 4 , g), 
which is made by gluing nondegnerate, convex, constant curvature 4-simplices. 

5.2 Complex Fenchel-Nielsen Coordinate and Geometrical Quantities 

In the last subsection, we have established the correspondence between a class of supersymmetric vacua in 
-CsvsYiT the 4d simplicial geometries on with constant curvature 4-simplices. The correspon¬ 
dence allows us to make a dictionary between the parameters x,',y,' in -Csusy(T.^ 3 ) and geometrical quantities 
of {^A,g)- 

In the supersymmetric gauge theory the parameter x, = exp(OT/) where m, is the 3d real mass 

complexified by the Wilson-line along the fiber over D^. By the constmction of T in Section 3, x, 

map to the position coordinates (which are also labelled by x, = exp(m/)) in the phase space because 

^^The discrete geometries are of the Regge type [20]. The only difference is that here the geometries are formed by gluing constant 
curvature 4-simplices rather than flat 4-simplices. 
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of the isomorphism -CsusyC^^j) - Similarly the effective background FI parameters y, map to the 

momentum coordinates y, = exp(p,) in fsMz ■ 

In general, the boundary components of ^3 can be classified into (1) the geodesic boundary components 
being a set of 4-holed spheres S, (2) the cusp annuli t connecting to a pair of boundary 4-holed spheres, and 
(3) the torus cusps which doesn’t connect to the geodesic boundary. The internal torus cusp happens e.g. 
when we glue a pair of \ Fs through 2 pairs of 4-holed spheres, or when we glue 3 copies of 5^ \ F 5 , 
and each pair of 5^ \ Fs share a 4-holed sphere. In each of these cases, ^3 is the complement of a graph 
in a 3-manifold with nontrivial cycles. The corresponding 4d simplicial manifold ^4 has a set of internal 
triangles ’{ji which are not contained by a tetrahedron on the boundary 8 ^ 4 . Here a tetrahedron (labelled 
by t. 5 ) on 8^4 relates to a 4-holed sphere S on 8 ^-},. 

Because of the classification of 8 ^t„ the position coordinates x, contains 3 different types of coordinates 
X - ( 4 ^ 2 , /If, m. 5 ). Both Aji - exp(Aj’ 2 ) and Ae - exp(Af) are the eigenvalues of meridian monodromy to the 
cusps. Af is the complex FN length variable constructed in Section 2.2 in the case of 5^ \ F 5 . m .5 = exp(M.s) 
is the position coordinate associates to each 4-holed sphere S c 8 ^-},. In Section 2.2, we have constructed 
the phase space coordinates ma - exp(Ma), = exp(f’a) for each 4-holed sphere Sa- 

ATi,Ai are eigenvalues of the holonomies WflatCIrO; Wflat(If) along the cycles 17 - 2 , h meridian to the cusps. 
By the isomorphism n\- tti( sk(.^ 4 )), , h map to the closed paths pji , pi around the triangles f j’ 2 , . 

fj -2 is an internal triangle which are not contained by a tetrahedron on 8 ^ 4 . is a boundary triangle shared 
by a pair of tetrahedra t. 5 |, 1^2 on 8 ^ 4 , where >Si, >S 2 are connected by the annulus € in The isomorphism 
71 1 {^^) ^ 7 ri(sk(./# 4 )) relates the spin connection wspin on ^4 to the flat connection Oflat on .^3 by the 
commuting triangle (5.2) and Eq.(5.3). So we have +Wflat(Ir 2 ) = wspin(P 7 ’ 2 ) and ±cuflat(If) = wspin(P(’) 
(+ appears because we consider SL(2, C) flat connection instead of PSL(2, C)). The holonomy of spin 
connection is given by Eq.(5.8), then up to conjugations Wflat(Ir 2 )> Wflat(Ir) can be expressed by Eq.(5.10). It 
is manifest that the eigenvalues Aj 2 ,A( (the complexihed twisted mass parameters in are relates to the 
triangle areas: 


Aj 2 - exp 


-a(fr2) 


At = exp 


-a(ff) + TTisc 


(5.16) 


where Sf e {0,1) parametrizes the lifts from PSL(2, C) to SL(2, C). 

The momentum coordinates in ’ being the effective PI parameters y, of T^ 3 , also contain 3 different 

types of coordinates y = {Tji,Tt, p.s)- Here Tji is the eigenvalue of the longitude holonomy on torus cusp. 
The longitude holonomy is nontrivial because the longitude cycle of a torus cusp is not contractible in ^- 4 . 
Ti is the complex PN twist coordinate along the annulus {. Tt has been constructed in Section 2.2 in the case 
of \ F 5 . P .5 = exp(P. 5 ) is the momentum coordinate associated to the 4-holed sphere S. 

Por the supersymmetric vacua corresponding to 4d simplicial geometry, the effective PI parameters 
Tji,Te relate to the deficit angles e(f 7 - 2 ) and dihedral angles ©(f^-) in {^ 4 , g). Let’s first consider the longitude 
eigenvalue Tfi. By Eq.(5.14) in 5^ \ F 5 translated into the suitable notation for we obtain 

G(.S 2 ,.Si)^,(.Si) = e4^gn(''4)0^2.^,m^,(,S2) (5.17) 


where ^tiS) is the framing flag si parallel transport to a point p .5 6 S, followed by a normalization by 
Eq.(5.9). GiS 2 ,S\) is a holonomy of flat connection along any contour from to P.S 2 on the annulus £. 
© 52 , 5 , {{) = ©s(ff) is the hyper-dihedral boost angle between the two tetrahedra sharing the triangle ft 

in a 4-simplex S. When two copies 5^ \F 5 are glued such that ,Si becomes internal, the annulus i is extended 
in the resulting ^3 and connecting S 2 ,So c 8 ^ 3 . We denote by G(S 2 ,So) = G(,S 2 ,,Si)G(,Si, 5 o), then we 
have 


G(,S2,<So)^r(<So) = e-j^s"(''^)®^i-^o®G(,S2,<Si)^f(>Si) 

- g-5Sgn(y4)[052.^i('’)+0i,,5„m] ^^(S2) 


(5.18) 






Here we always consider the flat connections that correspond to globally oriented (^ 4 ,g), in which sgn(V 4 ) 
is a constant. We can continue to have more 5^ \ Fs glued, and in general 

GiS„,So)USo) = (5.19) 

When ( - is a torus cusp, ^So is identifled with S„ so that ^ciSo) = ^d'Sn) up to a phase Then 

G(Sn,So) is the holonomy along a longitude cycle, whose eigenvalue relates the deficit angle £(( 7 - 2 ) by 

n 

T 7.2 = where edr-) ^ YjQs„Si-dT^) ^ ^ ©sCfrO- (5.20) 

1 = 1 3, fy.2C3 

See e.g. [62] for the definition of deficit angle s(f 7 ’ 2 ) in Lorentzian signature. The angle 0 (f 72 ) also depends 
on the choice of longitude cycle since the definition of Tji depends on the choice. It turns out that there is a 
longitude cycle whose holonomy gives 


where 77 (fr 2 ) € (0,1,-1) (5.21) 

This result is explained in Appendix F. We keep this longitude cycle as a part of the definition for the 
coordinate Tji. Importantly a simplicial spacetime {^ 4 ,g) being globally time-oriented implies 0 (f 7 ' 2 ) = 0. 

Let’s consider the annulus cusps { and the complex FN twist coordinate ti. Given ( connecting a pair of 
4-holed spheres So,Sn, the FN twist re is defined in the following way: Let s be the framing flag for and 
^o,n, be the framing flags for a pair of other cusps connecting So,n- Then the complex FN twist is defined 
by (see e.g. [23]) 

(so A s^) (s„ A s)(s'„ A s) 

Tf —-. (j.ZZ) 

(so A s)(Sq a s) (s„ a s;) 

where s A s' are evaluated at a common point after parallel transportation. Without loss of generality, we 
evaluate the first ratio with factors (so A Sq), (so A s), (Sq A s) at a point Po £ Sq, and evaluate the second ratio 
with factors (s„ A s), (s' A s), (s„ A s' ) at a point p„ 6 >S„. The evaluation involves both s(po) and s(p„) at 
two ends of €, while the parallel transportation between s(Po) and s(p„) depends on a choice of contour 
connecting Po, p„ (FIG. 9). Different jj may transform s(p„) ^ /lfs(p„) but keep s(po) invariant. Moreover 
by definition, T( also depend on the choice of two other auxiliary cusps for each of >So,*S„. The choices of 
jj and the auxiliary cusps are part of the definition for Tf. It turns out that the choices in defining T{ doesn’t 
affect our result in Section 6 . 



Figure 9. The contour used to define the complex FN twist Tf, and the meridian cycle y^ used to define the complex 
FN length df. 


Recall ^f(.So) = s(po)/||s(po)|| and = s(p„)/||s(p„)||, and denotes ^(*So,„) = so,„(Po,«)/l|so,„(Po,«)ll 

and f'(>So,n) = SQ^(po,n)/||sQ^(po,„)||. We consider G{S„,So) to be the parallel transportation along jr, and 
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compute 


Tt ^ - 


1 

(^(.so)Ar(.so)] 

1 

(^(.S„) A G(.S„,.So)ff(*So))(r(.S„) Z' 

> G(S„,So)^{(So)) 

(f(>So) A 

0 

0 


1 

(^(.S„) A f (<So,„)] 

1 


^ g-sgn(y4)0(ff)^^('^) 


(5.23) 


where xei^) is a short-hand notation for 

(^(*So) A f (*So)) 


XtiO = - 


(f(*s„)A^f(>s„))(r(*s„)AfK>s„)) 


(^(*So) A ^f(.So))(f (*So) A ^f(>So)) (^(*S„) A f (*S„)) 


(5.24) 


©Of) is the hyper-dihedral angle at the boundary triangle ff. The hyper-dihedral angle is between two bound¬ 
ary tetrahedra t.So and t.s„ sharing ff. Here;^^f(^) depends on the phase difference between ^({Sq), ^i{Sn), thus 
depends choice of y^. But 0(ff) is unambiguous (independent of the choices in defining Tf) for the flat 
connections satisfying Theorem 5.1 

To summarize, for the supersymmetric vacua in -Csusy(T^ 3 ) corresponding to the simplicial geometries 
on ^ 4 , the complex twisted mass parameters are given hy x - (T^^, Tf, m,s)j in which 4 ^ 2 relate to 
the areas a(fj’ 2 ), a(ff) of internal and boundary triangles The effective FI parameters are given by 

y - {Tji,Tf, p^), in which Tji relates to the deficit angle e(f 7 ’ 2 ) at an internal triangle ( 7 - 2 , and Tf relates to the 
hyper-dihedral angle 0(ff) at a boundary triangle ff. The pair m^, p,s parametrize the shapes of tetrahedron 
t,s at the boundary 8^4 [52]. 

The symplectic structure Qsusy in Eq.(B.17) is written as 


Q 


dT7'2 

susv = |, — 


Z 


dTf d/if dp5 dm,s 


A 

Tf /If 


S 




m.s 


(5.25) 


Being the boundary components in 8 ^^, denotes a torus cusp, t denotes an annulus cusp, and S denotes a 
4-holed sphere. By the identification between {x, y) and the symplectic coordinates in VeMi > f^suSY coincides 
with the Atiyah-Bott-Goldman symplectic form Q. - tr((5'!il A d'll). 

There is a description of global parity pair (jz/, ^ 2 /) in terms of the coordinates x,y. As it is mentioned 
before, (j//, as a pair of SL(2, C) flat connections on ./# 3 , induce the same SU(2) flat connection on each 
4-holed sphere, including S c 8 ^^ and the interface for gluing copies of 5^ \ Ts. Therefore (£!/,£/) have 
the same x - (A^^,Af, m, 5 ) and the same p, 5 . But they have different Tji and T(, because of Eqs.(5.20) and 
(5.23) where sgn(V 4 ) flips sign between si. 

We pick a “boundary data” x - (/ 1 ^ 2 > Tf, m,s) and p,s where (1) A ^2 ^ U(l), and (2) m,Si P.S parametrize 
SU(2) flat connections on c 8^3 with conjugacy class /If e U(l) at holes. The boundary data of this type, 
although include both position and momentum variables m,s^ P.Sj is natural from the point of view of geome¬ 
tries on ^ 4 . Indeed correspondingly on ^ 4 , give areas to all internal and boundary triangles, and 

m,Sj P 5 determines the shapes of boundary tetrahedra with the given areas. There are finitely many (locally 
constant curvature) simplicial geometries on ^4 satisfying the data (/ 1 ^ 2 > Tf, m, 5 , p^), which corresponds to 
finitely many supersymmetric vacua in Varying x - {A^ 2 ,Ai,ms) and p,s gives 

finitely many branches of supersymmetric vacua in -Csusy(T^ 3 ), which correspond to simplicial geometries 
on ^ 4 . We denote these branches by a 4 i. In general the collection of 044 is a subset of all branches in 
-Csusy(T^ 3 ), because p,s is also specified in addition to x. The boundary data p^ = 'p^^'^\A^,A(, m,s) is a 
solution of A,(x,y) = 0, and is of the same value by all a 4 i determined by (A^, A(, m,Si P.s)- 

The data (/l^ 2 > Tf, m,Sj P 5 ) are constrained for the geometries on ^ 4 . Eirstly we have seen that p^ has 
to satisfy A,(x,y) = 0. In addition, /l^ 2 >Tf e U(l), which give triangle areas in ^ 4 , in general can not be 

^^The essential reason is that for the flat connections satisfying Theorem 5.1, they reduce to SU(2) flat connections on each 4-holed 
sphere. 
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arbitrary for simplicial geometries. The allowed values of triangle areas are usually called Regge-like areas 
[59, 63], 

Here we only consider the simplicial geometries with a global orientation, i.e. sgn(V 4 ) is a constant 
on ^ 4 . Thus each a 4 d is paired by add, because the global parity pair {s/, sif) share the same data x = 
(/l^ 2 , Tf, m. 5 ) and p. 5 . (sz/, £/) determine the same geometry on ^4 but give opposite orientations. 

6 Holomorphic Block and 4-dimensional Quantum Geometry 

Recall that given the complex twisted masses x, there are a finite number of supersymmetric massive ground 
states 


\a) ^ 


( 6 . 1 ) 


Varying x, a then labels the branches of supersymmetric vacua in Xsusy)^L et’s pick the branches 
{Q; 4 d) c (a) which correspond to simplicial geometries on .^ 4 . We propose that the holomorphic block 
B‘^^(x,q) from the theory with a = Q' 4 d is a quantum state for 4-dimensional simplicial geometry on 

,/^4. 

The reason of the proposal is simple; B‘^^(x, q) satisfies the line-operator Ward identity Eq.(B.20), thus 
is a state from the quantization of Lagrangian subamnifold -Csusy(L at the branch a. The branch a - 044 
of -Csusy(T.^ 3 ) contains the supersymmetric vacua which correspond to simplicial geometries on .^# 4 . These 
supersymmetric vacua in the branch 044 are parametrized by x = (/l^j,/!^, m.s) with some restrictions, i.e. 
(1) A^ 2 ^'^e ^ U(l), and (2) give SU(2) flat connections on .S c 5^3 with conjugacy class Tf at 

holes. 

Being a state for 4d simplicial geometry, B^^J^x, q) with a = add should encode certain dynamics of 4d 
geometry on ,/^ 4 . To understand the dynamics, we consider the perturbative behavior of holomorphic block 
as —> 0 discussed in Section B. Recall Eq.(B.19), as well as apply a - 044 and the Liouville 1-form 


+2,lnTr — 

T2 £ ‘■f 


5 


dm^ 

m.s 


( 6 . 2 ) 


with di? = fisusY- When B is restricted in submanifold in the branch a 4 d in which the supersymmetric vacua 
correspond to simplicial geometries on .^# 4 , it can be expressed in terms of the geometrical quantities in 
4-dimensions; 

^ ^ [sgn(y4) e(f) + inqd)] da(f) -H 

f internal 

+ ^ X [sgn(y 4 ) 0(f) - In^f(^)] da(f) + V In p.s^^ (6.3) 

Sbo^dary^ ^ 


where e(f) is the deficit angle at an internal triangle, and 0(f) is the hyper-dihedral angle at a boundary 
triangle; 

e(f) = ^ 0s(f), for internal f 

S, fcS 

0(f) = ^ 0s(f), for boundary f (6.4) 

3, fcS 


where 0s(f) is the hyper-dihedral angle at f within a 4-simplex S. We use Schlafli identity [64] 

2a(f)d0s(f) = ^dy4(S) (6.5) 

fcS 
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to write the terms involving s(f), ©(f) as an total differential: 


■& = ^sgn(y4)d 
o 


2 a(f)e(f)-^^y4(S) + 

f internal S 


2 a(f) 0 (f) 

f boundary 


IK 

6 


y Inyf (f) da(f) + V In 

rr\s 

f boundary S 


f 2 .(f)da(f)- 

f internal 


( 6 . 6 ) 


The contour integral in Eq.(B.19) gives (C*“^‘‘^ is an integration constant) 


f 


/ <°'4d)\ 


^CXsUSY 


^ = -Sgn(y4) 

O 


^ a(f)e(f)-^^y 4 (S)+ ^ a(f) 0 (f) 

f internal S f boundary 


KTT 

~6 


X '7(f)a(f)- 


f internal 


y lnTK^)da'(f)+y inp^^+C 

^ ^ J&cZsvsY 




S ^((Tqd) 

5 


(6.7) 


The first term is precisely Einstein-Regge action SRegge on (^ 4 ,g) with a cosmological constant term (a: is 
the cosmological constant) 


SRegge(‘^4? S) ~ z a(f)e(f)-^ 2 y 4 (S)+ ^ a(f) 0 (f). 

f internal £ f boundary 


( 6 . 8 ) 


Einstein-Regge action is a discretization of Einstein-Hilbert action of gravity Seh = j (R - 2a-) -t- K 
using constant curvature 4-simplices [20, 21, 62, 65-67]. 

The second term in Eq.(6.7) contains the index 77 (f). When the spacetime (.^ 4 ,g) is globally time- 
oriented, 77 (f) = 0 so that the second term vanishes. 

The last two integrals in Eq.(6.7) are two boundary terms, since they only involve the boundary triangles 
f c d ^4 and S 6 8^3 which corresponds to c 8 ^ 4 . When ^4 doesn’t have a boundary, doesn’t 
have 4-holed sphere and annulus cusps in the boundary. Then all the boundary terms in Eq.(6.7) disappear. 

Let’s fix the boundary data (Aj, Ae, m^, p^) which determines the triangle areas in ^4 and the shapes of 
boundary tetrahedra 6 8 ^ 4 . As it has been mentioned, the data (Aj, Ae, m^, p^) determine finitely many 
branches 0-44 in X.svsy(T^^), thus give finitely many holomorphic blocks {x,q) where the argument 
X = (Aj, Ae, m^) is given by the boundary data. It turns out that the last two integrals in Eq.(6.7) have the 
same result (up to integration constant) in all holomorphic blocks (x, q). 

Indeed let’s consider a variation of the boundary data, which corresponds to a continuous variation of 
geometry on ^ 4 . We have an 1-parameter family iAj{r), Ae(r), ms(r), Ps(f)), which reduces to the original 
data at r = 0. The 1-parameter family gives a curve c"" on each branch 0 : 44 , which is an extension of the 
contour £ in Eq.(6.7). However the curves coincide when they are projected to the (Ae, m^, p 5 )-subspace 
Thus the following variation of the integral is independent of a 44 


7A- 

"6 




f boundary ^^-£susy 






(Yij'"'"*) dm' 

Inp^- 


ttcXsusY 


mv 


IK 

6 


z 

f boundai'y 


f 

*Jc"4d 


ln;^,(^)da'(f) 




(6.9) 


because both integrands only depend on (df, Note that;^^(^) only depends on the flat connection 

on 4-holed spheres parametrized by m 5 ,p^) (It also depends on some global choices in defining the 

are the flat connections on ^3 whose boundary values ai'e consistent with (A^,Af, m^, p^) for all o' 4 d. So 
they reduces to the same set of flat connections on 4-holed spheres tS c < 9 ^ 3 . Therefore m^), as solutions to 

A,(x,y) = 0, are the same for all 0 - 44 . 
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coordinates, e.g. the framing data, as well as the choice of in defining T{). Integrating the variation, the 
two integrals have the same result (up to integration constant) for all a 4 d. We denote by 




. ^ , ln;rr(^)da'(f)+y 

° f boundary ^ JttcXsusY '^,5 


_ r't 

Li 


( 6 . 10 ) 


From the point of view in 4-dimensional geometry on ^ 4 , is a constant boundary term independent of 
bulk variations. If we make a variation of data (/l^(r), A(, m, 5 , p^) with constant A(, m, 5 , p, 5 , the variations of 
integrals in Eq.(6.9) vanish. 

As a result, we obtain the semiclassical asymptotic behavior of holomorphic block 


= exp 


iVsgn(V4) 

6 h 


2 a(f)e(f)-^ 2 y 4 (S)+ 2 a(f) 0 (f) 

f internal S f boundary 


o (In /z) > X 


X exp 


+ y 77(0 a(f) 

vTi 

T internal 


( 6 . 11 ) 


For {^ 4 ,g) being globally oriented (sgn(V 4 ) is constant) and time-oriented ( 77 (f) = 0), the semiclassical 
dynamics encoded in the corresponding holomorphic block is Einstein-Regge gravity in 4-dimensions. The 
gravitational coupling l/f^ in front of Einstein-Regge action in Eq.(6.11) is 


/2 _ 
Ip - 


6 h 

K 


( 6 . 12 ) 


However from the supersymmetric gauge theory perspective ti - Inipe 6 iR on Xq S^. In order that 
Cp 6 R, ft in B“^^(x,q) has to be real (or q e R). i.e. Eq.(6.11) is the asymptotic behavior of the block 
integral Eq.(B. 8 ) as q' = e R (J'a should be also computed accordingly). The asymptotic behavior 
Eq.(6.1 1) suggests that the holomorphic block q) is a semiclassical wave functions of 4-dimensional 

simplicial gravity on ^ 4 , whose dominant contribution comes from the geometry on ^4 determined by 

(f,/“>). 
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A Ellipsoid Partition Function of Tj 3 

As a way to understand the idea behind the above manipulation of 3d supersymmetric gauge theories ac¬ 
cording to the symplectic transformations, we consider the partition function of the theory T on 

a 3d ellipsoid (here we follow the discussion in [1] and apply the construction to M 3 = \ F 5 ). The 

ellipsoid 5 ^ is a deformation of the ordinary 3-sphere defined by 

+ zuZ 2 eC (A.l) 

where b is the squashing parameter. preserves only a U(l) x U(l) symmetry. 
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The lagrangians in the last subsection are written for the supersymmetric field theories on a flat back¬ 
ground. When we put the theories on a curve space, the couplings are turned on between the conserved 
currents and the background (nondynamical) supergravity multiplet [34]. In particular, the conserved cur¬ 
rent of the unbroken U(l) R-symmetry is coupled with a background U(l) gauge field A*. Given that the 
chiral superfield <D>z has a R-charge Rz, the fermion in the chiral multiplet has R-charge Rz - 1. In the same 
way as we mentioned before, the fermion would generate an anomaly to break the R-symmetry. In order 
to preserve the R-symmetry, some additional Chern-Simons terms relating to A* has to be added to cancel 
the anomaly, in the same way as the cancellation of gauge anomaly mentioned before. For example, for 
containing a single chiral multiplet, the additional Chern-Simons coupling has to be added to Eq.(3.4) so 
that the resulting Chern-Simons level matrix kij is given by [2] 


F 

R 


1 

2 


F R 

“4 jH-Rz) 

(1-Rz) -{(l-Rzf 


(A.2) 


Here F stands for the gauge field coupled with the flavor current. The anomalies generated by the fermions 
shift the Chern-Simons level matrix according to [28] 


(^/yOeff ~ k/y -H 


fermions 


(A.3) 


where q/s are the flavor charges or R-charges carried by the fermions, and nif’s are the fermions masses. 
We set the background gauge held Vz = in^O^Oa which turns on a 3d real mass in^ (VEV of scalar held 
(T^ in the vector multiplet). The resulting Chern-Simons levels after the shift are all integers. 

The ellipsoid partition function of Ta can be computed exactly by the SUSY localization technique 
(see e.g.[32, 33]). The resulting partition function is a function of complexfled mass parameter 

Rz - mz + ^{b + b~^)Rz and the squashing parameter b 


Zsi {TA-,fiz) = exp 


{rz - ^(b + b Sb{^^(b + b ^)-Rz'j 


(A.4) 


where Sb(X) is a variant of the noncompact quantum dilogarithm function [35] commonly used in Liouville 
theory 


ii(Y) = Y\ 

r=l 


\ ^27ihX+2mh^{r-^) 

\ ^27rh~^X~2mb~^(r~j) 


(A.5) 


We define some notations: 


Z s InbRz, Z = Inb ^Rz, b = 2mb^, ft = 2mb ^ 

z - exp Z, z- exp Z, q - exp Ti, q - exp fi (A. 6 ) 

where fi - and Z = ^Zrelate to the S-duality (modular) transformation in [22]. The partition function 
Zsi(Ta) can be analytic continued to an entire cut plane ft e C \ (tR<o). 


Zsi (Ta,Rz) = 'VniZ) = < 


n“o 

n“o 


1 - q''^h-^ 
1 - q^'r^ 

1 - 
1 - 


\q\ < 1 


\q\ > 1 


(A.7) 


In [22], it has been shown that 'Ts(Z) is the partition function of analytic continued SL(2) Chern-Simons 
theory on a single ideal tetrahedron, where Z is the position coordinate of the phase space PbA. The 3d-3d 
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correspondence (in DGG-construction) is illustrated by Eq.(A.7) as the simplest example: a single N - 2 
chiral multiplet with the background Chern-Simons coupling corresponds to SL(2) Chern-Simons theory on 
a single ideal tetrahedron [1]. 

The T-type and S-type symplectic transformations considered in the last subsection can be translated into 
the transformations of ellipsoid partition functions. The T-type transformation adds a background Chern- 
Simons term to the Lagrangian. After the SUSY localization of the path integral, the Chern-Simons term of 
level k contributes Therefore Eqs.(3.14) 

T : Zj3 (fl) ^ IJl) (A.8) 


The S-type transformation Eq.(3.17) can be obtained in a similar way. Since the gauge fields becomes 
dynamical in S-type transformation, the corresponding complexfied mass fl are integrated: 

S ■ Zs3(Jl)>^ J d^^fl (fl) (A.9) 

which is a Eourier transformation. The GL-type transformation is simply a field redefinition in the partition 
function. 

It is straight-forward to compute the ellipsoid partition function (up to an overall constant) for the theory 
Ts3\y^ defined in the last subsection 


si - J" 


d'^(? Zx (cf) e 




(A.IO) 


where f relates by ^ = Inbfl^. Here Zx is a product of ellipsoid partition functions of Tq^i. 


(cf) = f] Zsi (To.u^ix.,^^Y„,^lzJ = 


where Wa is expressed in terms of Xa, Ya,Za because of the constraint imposed by the superpotential TU = 


fiXa l^Ya /^z„ f^Wa ~ + b ^) <=> Cq. — Xq -t Tq, -t Zq. + Wa — 27ii -i- fi. (A. 12) 

Here cr = (Xa, Tq., Z„)^^j and Xa - 27Tbfix„ and similar for Tq.,Zq,. The constraint Ca = 2m + H from the 
field theory on 5^ contains a quantum correction comparing to the classical constraint in Section 2.2. This 
quantum correction indeed matches the quantization of SL(2) Chern-Simons theory [22]. 

Recall that there is a classical affine shift parametrized by vi, V 2 £ (Z/2)*^ in the definition Eq.(2.42) 
of the symplectic coordinates. The classical affine shift by invi in position coordinates corresponds in field 
theory the shifts of the R-charge, which gives 

^ = 2nbifr'^ + |/7r + 2 ^ ^ ~ 2nbm^'^ + with + vi- (A.13) 

In defined in Eq.(3.20), the R-charges R^ complexifies the real masses from the back¬ 

ground vector multiplets V, which are all coupled to the topological U(l) currents. Thus R,n should be 
understood as the R-charges of the chiral fields in certain dual description, which carry the topological 
(monopole) charges. 

It is interesting to see that the resulting m has the quantum corrections comparing to the classical expres¬ 
sions in Section 2.2. The quantum correction simply replaces each in in the affine shifts by in + ii/2. Again 
this correction given by the field theory indeed matches the quantization of SL(2) Chern-Simons theory, and 
is consistent with the quantum correction for the constraint Ca - 2ni + H [22]. 


- 37 - 


The same quantum corrections have to be implement to the momentum coordinates p in Eq.(2.42). Then 
the affine shifts by inv 2 act on the field theory by adding mixed Chem-Simons terms between the background 
R-symmetry and flavor symmetry gauge fields [2]. It adds a term 2 {in + |) V 2 ' 'w on the exponential in 
Eq.(A.lO). 

We obtain the final ellipsoid partition function of 


’si {Ts\Ts'’i^n^ = ’^S^\Ts ('”) 

f 


= d^VZx((r)e 




m+i(OT+|)iT''B ‘y,-l(i;r+|)m’'DB 'v, +i(m+l)v2-/« ^4^ 


with m = 2nbp„,. The resulting ellipsoid partition function, understood as a wave function of position 
coordinates m = (Agh, Mg), is a partition function of the analytic continued SL(2) Chem-Simons theory 
on the graph complement 3-manifold \ Eg. The resulting finite-dimensional integral coincides with the 
“state-integral model” of Chern-Simons theory on 5^ \ Ts, by applying the construction in [22] to our graph 
complement 3-manifold. The analysis here provides an example involving the graph complement 3-manifold 
illustrating the general argument in [1, 11, 12, 15] of 3d-3d correspondence. 

The ellipsoid partition function Zr 3 ( 7 ’^J can be computed by apply the symplectic transformations 

b 

to a product of two ellipsoid partition functions for (see Eqs.(A. 8 ) and (A.9) for S-type and T-type, 

while GL-type is simply a field redefinition). The resulting is a state-integral model for = 

Z.^3 (Ala, Afli, = (2nitiyi^ ^ 

X Jdm Zs 3 \r 3 (Aia, Aah, {in + ni2) - &, Ma)Zs^\r, (-Ai„, A^,, m, M') (a.15) 


where a,b 1 , and we have written Zs 3 yr^(m) as Zs 3 \f'j(Aia, Aat, Mi,Ma). 


B Review of Holomorphic Block 


Erom Eq.(A.7), one may have noticed that the ellipsoid partition function Z^ATy) of a single chiral multiplet 
admits a “holomorphic factorization”, i.e. it can be factorized into two “holomorphic blocks” each of which 
is either holomorphic in q, z or holomorphic in q, z: 


Zsl (Ta) = Ba{z, q)BA{z, q), where Ba{z, q) {qz q')oo 


'nr=o(i-?''"V') 1^1 <1 
, nr=o(i - i?i> 1 


(B.l) 


Here {qz^'^\q)oo is a meromorphic function of z 6 C and q e C \ {|^| = 1), and has no analytic continuation 
between the 2 regimes \q\ < 1 and |q'| > 1. A similar factorization also happens to the supersymmetric 
spherical index (partition function on 5^ 5') studied in [5], with the same holomorphic block function 

Ba{z, q)- Eurthermore in [2, 18], it is argued that the holomorphic factorization happens for generic 3d Af = 2 
supersymmetric gauge theories, which include all the gauge theories labelled by 3-manifold defined in [1]. 
Therefore the holomorphic blocks can be defined for the supersymmetric gauge theories defined in the last 
section. In this section, we review briefly the constraction and properties of holomorphic blocks from 3d 
N - 2 supersymmetric gauge theories. The discussion in this subsection mainly follows [2] (see also [36]). 

The holomorphic block of a 3d TV = 2 theory Tm^ can be understood as the partition function of Tm^ on 
a curved background x^ 5' with a torus boundary. x^ 5 * is a solid torus with metric 

di^ = dr^ -I- f{rf {A^p + spAef + 0^de^ (B.2) 
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where the coordinates r e [0, oo) and r, ip are periodic with period 2 n. f(r) ~ r as r —» 0 and /(r) ~ p as 
r ^ oo where p is the length of the cigar D^. Xg means that around the 6 circle, the holomorphic variable 
z = re“^ are identified by (z, 0) ~ {q^^z, 'In'), where 

q — e^, Ti — 2ni/3e. (B.3) 

It is also convenient to consider the geometry of 5 * as a cigar with S ' fibers. 

A topological twist has to be made in order to preserve N - 2 SUSY on XgS^ [37-39], For Af = 2 
supersymmetric gauge theories on Xg S^, the topological twist can be made if the U(l) R-symmetry is 
preserved. It turns out that there are 2 possible ways to implement the topological twist, which are called the 
topological twist and anti-topological twist. The resulting partition functions are shown to be equivalent to 
the supersymmetic BPS indices with Q-exact Hamiltonian H± [2] 

Zgpj(x+,^) = (topological twist) 

Z''—(x-,q) - xi (anti-topological twist) (B.4) 

Here a labels a massive supersymmetric ground state on which the Hilbert space 'H{D^\a) is generated by 
supercharges. is the generator of the rotation isometry of D^, and R is the generator of R-symmetry. The 
complex fugacities x± - exp X± where X± reads 


= 2nl3m^'^ + i (£ A-^. (B.5) 

Here ■ ■ ■ , m^) are the 3d real mass deformations, e - {e\, - ■ ■ , e^) are the generators (charges) 

of the abelian flavor symmetries, coupled with external gauge fields = (Ap • • • , A]^). X± is understood as 
a 2-dimensional twisted masses when the 3d theory is dimensional reduced to 2d along S '. 

Holomorphic block is defined by combining Zg“ ^ and and analytic continuing q — to either 
outside or inside of the unit circle 


(x,q) 


Z^p^g (x, q ), \q\ <1 

Z'§^(x,q), \q\>l 


(B.6) 


The resulting B°'(x,q) are a set of meromorphic functions of e C and q e C \ {|^| = 1), with no analytic 
continuation from \q\ < 1 to ^ > 1 . The perturbative expansion of B‘^{x, q) 'mfi - Inq match on the inside 
and outside of the unit circle \q\ - 1 order by order. 

It is argued in [2, 18] that the ellipsoid partition function of generic 3d Af = 2 theories can be expressed 
as a sum over product of holomorphic blocks; 

Zsl-Yj^‘^^X,q)B“{x,q). (B.7) 


Here the pair of holomorphic blocks are identical, but with different entries of (x, q) and (x, q). Explicitly 
{x,q) and {x,q) are related hy q - e^,q - e'T and x = e^, x = The same type of factorization 

as Eq.(B.7) happens for the spherical index (partition function on Xg 5') in [5], with the same set of 
holomorphic blocks B" for a given theory. The only difference between the spherical index and is that 
{x,q) and (x,q) have different relations. In the spherical index, x = q'^(,x = q^(^^ and q - q^^. Two 
different relations between (x, q) and (x, q) come from the two different ways of gluing a pair of 5', 
in order to produce respectively 5^ and 'X.gS^. There is an important note: for a given 3d Af = 2 theory, 
in order that both the ellipsoid partition function and the spherical index can be factorized into the same set 
of holomorphic blocks B", we have to require that all fields in the theory are of integer R-charge assignment 
(see [2] for details). 
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For a 3d AT = 2 supersymmetric gauge theory with abelian gauge group U(l)'^ and flavor symmetry 
group U(l)^ (including all Tm^ labelled by 3-manifolds M 3 ), the holomorphic block B"{x,q) of a massive 
supersymmetric vacuum a is expressed as a r-dimensional integral [2, 36] 

C' ^ H 

n;^CS[k,v;;r,s,^]nBA(z®(x,s;/?®),?) (B. 8 ) 

•JS. a=l ® 

Given the 3d theory on Xq S^, its Kaluza-Klein reduction on 5' results in a Af = (2,2) theory on D^. 
The variables Sa and x, relates the complex (twisted) scalars cr^ and complex (twisted) masses m, in the 
N - (2,2) theory by 


Sa= e 


Xi = e 


(B.9) 


The periodicities of era and m, are consequences of the gauge invariance in 3d theory. 

In Eq.(B. 8 ) Ba is the holomorphic block of a chiral multiplet. The factor CS[k, v; .x, i, q'], being the 
contribution from Chern-Simons terms, is a finite product of Jacobi theta functions {b,, n, 6 Z and a, is a 
{N + r)-dim vector of integers) 

CS[k, v;x, i,g'] = j~~[0((-q'2)*'(x, i)''';^') ', with '^niai{a,Y --k, '^n,btat --v. (B.IO) 

t t t 


k — {kab, kai, kij) are the integer Chern-Simons levels mixing gauge-gauge, gauge-flavor, and flavor-flavor 
symmetries, v = (v«a, vr,) is a (r -h N) dimensional vector being the integer Chern-Simons levels mixing 

a' u 

R-symmetry and gauge/flavor symmetries, (x, s)"' stands for the monomial Xj' ■ ■ ■ x^ Sj' ■ ■ ■ s/ where a, 
is the //-th component of a,. A general way to construct the exponents a,, bt, n, from k, v is given in Appendix 
C. The above factorizations of Chern-Simons levels k, v relate to the anomaly cancellation between 3d Af = 2 
theory and boundary N - (0,2) theory, where a,, bt relate to the charges of the boundary Chiral and Fermi 
multiplets [9, 36]. 

The integration cycle J'a in Eq.(B. 8 ) is uniquely associates to a critical point js], (xi, • • ■ , XAr))^^[ of the 
integral. The asymptotic boundary condition of Xg determines the massive supersymmetric ground 
state la), which corresponds to a critical point of the holomorphic block integral. We can write the integrand 
of Eq.(B. 8 ) as exp (we view AV as a perturbative expansion in h). AV is the twisted superpotential of 
N - (2,2) theory from the Kaluza-Klein reduction of the 3d theory on 5'. The massive supersymmetric 
ground states |a) are idenified as solutions of 


-— = ImUa or 

dcTa 


exp 


dSa 


= 1 . 


(B.ll) 


A ground state |a) uniquely corresponds to a solution Sa 


to the above equations^®: 


|a) ^XN)]a^^. 


We consider the flow equation on R+ generated by 


do-a dlm^ _ 

dt d&b 


(B.12) 


(B.13) 


with the boundary condition Sa ~ as f ^ 00 . The flow equation results in a space of solutions si“\t) 
satisfying the boundary condition. The solutions ia“\0) at the other boundary t - 0 span a cycle J'a in the 
space M of Sa, which is known as the Lefschetz Thimble associated with the critical point [42, 43]. The 

^^The equation may correspond to the Bethe ansatz of certain integrable system [40, 41]. 

^^Here we assume there are a finite number of distinct solutions, i.e. the vacua are all massive. 
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real dimension dimR^a = ia is the Morse index, which is half of dirng Af for a nondegernate critical point. 
The integral along S'a is independent of the target space metric 

The holomorphic block integral can be studied by the stationary phase analysis. The leading order 
contribution to the holomorphic block is the effective twisted superpotential Ak'efr(»*i) [1,6]: 


B"{x, q) — exp 


('«;) + o{\nn) 


where AV' 


(m,) = W mi, h ^ o) (B.14) 


We now define a new variable y, (effective background FI parameter preserving supersymmetry) from the 
twisted superpotential by 




yi = exp 



(B.15) 


Eliminating Sa by combining Eqs.(B.ll) and (B.15) results in a set of N algebraic equations Ai(x,y) — 0 
(i - I, - ■ ■ ,N) of 2N complex parameters x,,y, (see [30, 44] for more discussions). A solution s], (x,) of 
Eqs.(B.l 1) corresponds to a unique solution to A,(x,y) = 0 


y^fHxi) = exp 




dxi 


w, , = exp 

= (a,-) 


d^V\ 


(a)\ 

eft 


dXi 


(B.16) 


A,(x,y) = 0 defines locally a holomorphic Lagrangian submanifold -Csusy in the space of x;,y, (locally C^^), 
with respect to the holomorphic symplectic structure 


N 

^^SUSY = ^ 
i'=l 


dy,' dx; 
yi Xi 


(B.17) 


As an important result in the 3d-3d correspondence, the parameters x/,y/ comes from the theory Tm^ cor¬ 
respond to a system of holomorphic coordinates in the moduli space of framed SL(2, C) flat connections 
'PijMi on 5M3, where Qsusy coincides with the Atiyah-Bott-Goldman symplectic form. As a holomorphic 
Lagrangian submanifold, it turns out that there is an isomorphism bewteen the supersymmetric parameter 
space -CsusyC^Ms) from Tm^ and the moduli space of framed SL(2, C) flat connections X-m,- 


Xsvsy(Tm,) - Xm, c A1flat(4f3,SL(2,C)) 


(B.18) 


when the ideal triangulation of M 3 used in the DGG-construction is fine enough [22, 23]. It is not a global iso¬ 
morphism between -Csusy(T m,) and the full moduli space of flat connections Adflat (M 3 , SL(2, C)), because 
the reducible flat connections on M 3 are not captured by Xsusy(Tm 3 ) from DGG-construction. However 
there is a recent construction in [3] by putting an addition U(l) flavor symmetry in Tm,, which realizes the 
global isomorphism between -Csusy and Alflat (M 3 , SL(2, C)) in many examples. 

The algebraic equations A,(x,y) = 0 from Eq.(B.15) characterize Xm, as a holomorphic Lagrangian 
submanifold embedded in 'Pqms- In the case that M 3 is the complement of a knot in S^, the boundary of M 3 
is a torus, and the number of the flavor symmetries in Tm, from DGG construction is A = 1. Then there 
is a single algebraic equation A(x,y) = 0 defining -Csusy- The polynomial A(x,y) is often referred to as 
“A-polynomial” of the knot^^, which is known as a classical knot invariant [45-47]. 

Once we find the Lagrangian submanifold -Csusy, the effective twisted superpotential TFeff can be writ¬ 
ten as an 1 -dimensional integral along a contour £ in a cover space -Csusy, where the logarithmic variables 
are single valued, so that 

11 

B“(x, q) — exp - I § + oilnfi) 

[ It ^(tciisUSY 

y) from DGG-construction is sometimes referred to as the irreducible A-polynomial, since it doesn’t capture the reducible flat 
connections [1, 22]. 


where & - ^ Iny,- d In 


Xi. 


(B.19) 
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We find that the integrand § is the Liouville 1-form from Qsusy, i e. d?? = f^suSY- The end point of the 
contour integral is at a solution of the equations A,(x,y) = 0. i? is an exact 1-form on -Csusy so that 

the integral is independent of the choice of contour (£. 

The perturbative expression Eq.B.19 suggests that the holomorphic block B"{x, q) is a WKB solution of 
a set of operator equations 


ki{x,%q)B°{x,q) = 0, / = I,--- (B.20) 

The operators Ai(x,%q) quantize the classical A,(x,y), with x,y satisfying the commutation relation x/y; = 
qyiXi and Xjyj - yjXi (i + j). Indeed the operator equations are a set of line-operator ward identities 
satisfied (nonperturbatively) by the holomorphic block from supersymmetric gauge theory [2]. From the 
3d supersymmetric gauge theory Tm,, the resulting operator equations Ai(x,%q)i//(x,q) - 0 quantizes the 
moduli space Alflat (Mj,, SL(2, C)). In the case of M 3 being the complement of a knot in S^, the resulting 
operator equation quantizes the A-polynomial equation, and motivates the so called “AJ-conjecture” for the 
colored Jones polynomial [48-50] 


C Exponents in the Product of Theta Functions inside Block Integral 


In this appendix, we discuss the exponents a,,b,,nt in the product of theta functions CS[A:, v; x, i, o'] = 
nr^^(( -q^y^'ix, s)‘‘'',q'^ ' entering the block integral Eq.(B. 8 ). The guideline of relating a,,bt,nt and k,v 
is to look at the perturbative behavior as It ^ 0 


J~[0((-^5)*'x“';^)"' ~ exp 


— y kiiXi. 

',j 


XiXj + -viXi 

n 



(C.l) 


by keeping in mind that 


6(x; q) ~ exp 



(C.2) 


Here we don’t distinguish i from gauge fields and x from external fields, and denote them only by x, as well 
as denote A, = In x, . It is convenient to include both k and v into a single matrix 'K for Chern-Simons levels 
for all gauge-gauge, gauge-flavor, gauge-R, flavor-R, and R-R couplings 



X niR 

A 

k V 

niR 

0 


(C.3) 


where iriR - in + fil2 can be viewed effectively as the complex mass from R-symmetry and e™" = 
(-q 2 )^'x^i is a monomial of all the complex masses. We consider the following equality between quadratic 
forms with integer coefficients 


V+r+l 


2 


N+r+l 

J] (z“ + Z^)" + ^ 2 7C,^)Z“Z‘’' 

Q'<yS 0'=1 yS^or 


(C.4) 


where (a = 1, • • • ,N r) and We define ? as a set of labels a and {a,p), rif el3.s the 

coefficients of the quadratic form, and = (at, bi) as a (A^ + r + l)-dimensional vector with eZ(v - 

general, A,(a, y, q) (//{x, q) = Q {i = 1, • • • ,N) give a set of ^-dilference equations. For M 3 being the complement of a knot in 5^, 
the single quantum A-polynomial equation A{x,y, q) (//{x, q) = 0 gives a recursion relation of the colored Jones polynomial of the knot, 
which is known as AJ conjecture. The conjecture has also been generalized to the graph complement 3-manifold [51] 
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!,■■■ ,N + r) andaf+''+' ^b,eZ: 


So we have 


f = 


= («: 


N+r+l 
1 




= -7C„, 




n(afi) 




ajii 


Pi=a 


of, = df, 


^ 


^nfafaj" = -'Kf.y 


(C.5) 


(C.6) 


where is identical to the relation between a,, bt, n, and k, v in Eq.(B. 10). 

The above gives us a general way to obtain the integer exponents a,, b,, n, from k, v. However at, bt, tit 
satisfying Eq.(B.lO) is not unique [2]. The holomorphic block B°‘{x,q) has the ambiguity corresponding to 
multiplying the block integral by a factor 

c(x,q) - ', with '^n'ta'tia't)^ - 0, '^n'tb'ta't - 0. (C.7) 

t t t 


The ambiguity doesn’t affect the perturbative behavior of B"(x, q), but makes the nonperturbative contribu¬ 
tions ambiguous. The physical meaning of c{x, q) is not clear so far, and deserves further studies. 

As an example we apply the above procedure to obtain at,bt, tit of the theory The total 31x31 

Chem-Simons level matrix TC for is given by 



cr 

m niR 

cr 

-B 'A 

B ' -B 'vi 

m 


—DB * DB *vi — V2 

ttlR 

-v[(B-')^ 

v[(DB-')^-v[ 0 


with e Z. The exponents a,, bt has been given in Eq.(C.5). We obtain ria {a - 1, • • • ,31): 


(4,-l,-l,2,1,0,5,4,1,8,4,3,2,5,3,-1,5,-3,5,0,3,-1,-1,0,1,2, -3,-1,-2,1,0). 


(C.9) 
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and n^aj}) (a ,/3 = 1, ■ ■ ■ , 31 , n^afi) — and the diagonal entries are set to zero): 
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(CIO) 

D X53\r5(t) as a Holomorphic Lagrangian Submanifold in 

In this appendix, we apply the procedure in [ 22 ] to realize the moduli space of framed flat connections 
Xs3\r5(t) as a holomorphic Lagrangian submanifold in 'Pg(s^\Y^)- Here -Cs3\r5(t) might depend on the 3 d 
ideal triangulation t, because the construction is based on the ideal triangulation specified in Section 2 . 1 . 

The ideal triangulation in Section 2.1 decomposes 5 ^ \ Ts into 5 ideal octahedra, each of which is 
decomposed into 4 ideal tetrahedra. Therefore our starting point is a set of 20 algebraic equations for 
Xa 'P^^■ However we express the equations in terms of {X^, Px^), (T^, Py^)(Zij, Pz^){Cf^, T^) where = 

^11 + + Wfj and ju = 1 , ■ ■ ■ , 5 

^Py^+Tij _ ^Pz^+Yf, - ^-C^+X^+Y^+Z^ gFp _ (D.l) 

We can now eliminate T^ and set = Ini at this stage, because the symplectic transformation from 
{X/j, Px^, Py^, PZf,) to {m,p) doesn’t involve C^,T^l (all have been set to be Ini in the definition 


44 - 




of {in, p)). The elimination lefts us 15 equations 


^1 - - e (l - e - e (l - e - e (l - e (D- 2 ) 

Then what we need to do is simply rewrite the equations in terms of (m, p). We may proceed by following 
the steps in Eq.( 3 . 11 ) 

• Letl = and‘'l! = where ^ = iXa,Ya,Za)l^^ and;^= (Px,,, Py^, PzJl^y By changing of 

variables 

^1 - j ^ g-Wi'lh (D.3) 

where the label I e [X^, 

• Let m - inv\ - AB^T + where m are the position coordinates in Eq.( 2 . 42 ). By changing of 

variables, 

j ^ (p, 4) 

We find the resulting equations are identical to Eqs.( 4 . 6 ), if we identify crx,ii = ~ 

similar for Y^ and Z^. 

• The momentum variables p in Eq.( 2 . 42 ) are given from Eq.( 3 . 1 1 ) by 

p - DB“*^ - T + i7iV2 - DB“^ {in - invi) - (B^*)^(? + inv2 (D- 5 ) 


which are identical to Eqs.( 4 . 8 ) after exponentiation. Einally we may combine Eqs.(D. 4 ) and (D. 5 ) 
and eliminate T, which is precisely how we deal with Eqs.( 4 . 6 ) and ( 4 . 8 ) from the twisted superpo¬ 
tential. The finally resulting algebraic equations A/(x,y) = 0 (/ = 1 , • • • , 15 ) realizes -Lsi\Y^ (t) as a 
holomorphic Lagrangian submanifold in Pd(S^\r5)- The identification of the equations indicates the 
isomorphism between -Csusy(Tj 3\]-^) and -Cs3\r5(t)- 


The finally resulting A/(x,y) - 0 {I - 1 , • • • , 15 ) may be written as 


( 

_ g-B,j(m-/;TVi)jg(B ‘AB’'),j:[(DB ')KL{'n-‘^v{)^-pK+m(v2)K\ _ g-Bj)[(DB ^)]K{'ti-Mi)i,-pj+in(v2)j\^ 


\ _gB(^_j[(DB ')yA-(m-itrvi)jj.-pj+OT(v2p]+B(^ j[(DB ^)jK(m-imi)^-pj+m(v2)j]+Bl^ j[(DB ‘)ys-(m~OTVi)j.-r’j+iJr(v2)y] j 


(D.6) 


E Geometrical Meaning of Eq.(5.15) 

The condition Eq.( 5 . 15 ) means that the parallel transportations of ^35 and ^24 to a common point shouldn’t 
be collinear; 


G 23 fe 9 ^ ^24 (E.l) 

Let’s find the consequence if we assume that they would be collinear with the ratio k e C. Since ^ab = 
7 we would have 

(J)-^^ 24 'G 23 M 35 (jj ^ M 2 iG 23 M 35 = (^Q‘^j (E. 2 ) 

We define the vector J^^b by writing M^h - i^ab, J^ab)- Consequently 

^23^35 = k '^ 24 , and G23-/^35 = /^^24 + kj^ 24 - (E. 3 ) 
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We view ^ab and J^ab to be Weyl spinors, and construct null vectors ^ab^ab"^ and (J^ab)(J^ab)"'^ in Minkowski 
space (R^, rj). Then G23 acts on the bivector would give 

G23 > {J^ 35 )(J^ 35 )^ A ^35^35^ - k '(p ^24 + kj^ 24 ) (^^24' + k( 7 ^ 24 )') A ^ 24^24 

= (/ik"^^ 24 (-/^ 24 )' + lik~\j^ 24 )^ 24 ^) A ^ 24 ^ 24 ^^ + (T^ 24 )(-/^ 24 )'^ A ^ 24 ^ 24 ^ (E. 4 ) 

The bivector G23 > {J^35)(J^35)’' A ^35^35^ and {J^24)(J^24y A ^24^24 would have the null direction ^24^24^ 
in common. For the flat connection satisfying Theorem 5 . 1 , the resulting bivector in Eq.(E. 4 ) is interpreted 
as *£35 (the normal bivector of (35, see Eq.( 5 . 8 )) parallel transported by spin connection to a certain point 
(say, vertex 1 ) on the 4 -simplex, while ( 7 ^ 24 )(T^ 24 )^ A ^24^24^ is *£24 parallel transported to the same point. 
Then as a consequence, 

euKiSi^CmflCl) = 0 . (E. 5 ) 

By the definition of £, Eq.(E. 5 ) implies that the 4 edges meeting at vertex 1 of 4 -simplex have the tangent 
vectors lying in a 3 d subspace of the tangent space at 1 , i.e. the 4 -simplex geometry is degenerate. Therefore 
a nondegenerate 4 -simplex geometry always satisfies Eq.( 5 . 15 ). 

Eq.( 5 . 15 ) is a condition derived from the ideal octahedron Oct(l). There are 4 more similar conditions 
derived from other 4 ideal octahedra: 


Oct( 2 ) ; 

Gi4^45 9 ^ ^13 


eijKL&na)&45(^) + 0 


Oct( 3 ): 

Gi4^45 9 ^ ^12 


£/ytrL£"2(i)fi“(i) + 0 


Oct( 4 ) ; 

Gi3^35 9^ ^12 


* 0 


Oct( 5 ) : 

Gi3^34 (jt ^12 


e/ytrL£i2(i)SM (i) + » 

(E.6) 


However - 0 doesn’t always implies the degeneracy of a constant curvature 4 -simplex, 

because there are some parallel transportations involved in £ai(I). The situation is quite similar to the case 
of constant curvature tetrahedron, that a pair of ^’s are collinear doesn’t always imply the degeneracy of the 
tetrahedron, because there is a holonomy H involved in a dihedral angle (f>ij. 

Nevertheless, the configurations violating any of the above conditions are special, and they can be 
viewed as “almost degenerate geometries”. If the 4 -simplex was flat, e/y/f££^^(I)£^^(l) = 0 would always 
mean to be degnerate. Eor constant curvature 4 -simplex, the deviation of these configurations from degen¬ 
eracy is of order kL} where L is the length scale of the 4 -simplex. If we assume kL^ is small and expand the 
volume of constant curvature 4 -simplex 

V 4 = yf -I- o(L^/() (E.7) 

= 0 implies the flat 4 -simplex volume = 0 , and the volume of constant curvature 
4 -simplex V4 ~ o(L^k). 


F Deter mi nin g 


The discussion in this appendix relies on the material in [ 54 ] of proving the correspondence between flat 
connection on 5 ^ \ Es and constant curvature 4 -simplex. 

Eirst we consider a single 4 -simplex and triangle ^ab (which doesn’t connect to the vertices a,h). At a 
triangle vertex, we denote by bi (fa^), ^2(fai) the tangent vectors along the two edges connecting to the vertex, 
fai is a face of Tetraa (the tetrahedron doesn’t connect to the vertex a). At the base point of the tetrahedron 
where all paths in EIG .7 start and end, we denote the tangent vectors by b\,b2- Eor example at vertex 4 in 
EIG. 7 , 3 tangent vector of the adjacent edges can be determined by 


bi ■ ft; = 


= b,y[e 






2 ^ ^ J 


(F.l) 
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where is the future-pointing time-like normal of u^ = (1,0,0,0)^, and e^ypo-'if - eypo-- The tangent vectors 
of nonadjacent edges at vertex 4 is determined similarly, which relates the true tangent vectors located on 
the edges by a parallel transportation. 

Lemma F.l. There is a factorization Gab — Xa(a, bY^Xbia, b), such that 

Xa(a,b){bub 2 )^e'^"”’^{bf\ab\b 2 {\ab)) where (F.2) 

Xa(a,b) 6 SO^(3,1) denotes the vector representation ofXa(a,b). 

Proof: In the factorization, Xa{a, b) is a parallel transportation from the local frame adapted to the a-th 
tetrahedron to a generic frame located at a vertex of Yb- The time-like vector 

Na(U)^Ua,b)(lM0f (F.3) 

is a future-pointing time-like normal vector to Yb at the triangle vertex. This can be checked by considering 
the inner product with &ab at the triangle vertex. A space-like normal of Yb is given by 


ft3(U) = YihiYb) = ^aia, b)nab. (F.4) 

Obviously NaiYb) and nabiYb) are orthogonal since (1,0,0,0)^ • n„;, = 0. At the vertex and consider Tetrad, 
there are another 2 triangles Yc, fae adjacent to the vertex, whose space-like normals are 

^l(fatj) = tXaciYb^ ~ — ^aeifab} ~ b^Vlay. (F.5) 

Their time-like normals are the same as Nadab)- Let bi(fb),b2(Yb),b3(f,b) be the tangent vectors at the 
vertex along the 3 adjacent edges. They relate ni(fai), nziYb), it3(fai) by 

biiu) ■ ft;(U) = 5,7 [wo- Uaiur fti (ur Mur ft3(U)‘"], (f.6) 

where Uadab) is the geometrical normal vector of Tetrad embedded in the boundary of geometrical 4- 
simplex. Uadah) may be past-pointing for some tetrahedra, so in general, it relates to the future-pointing 
normal Nadab) by 


Uadab) = ±Nadab). (F.7) 

Comparing Eqs.(F. 1) and (F.6), we obtain that 

Xa{a,b){bM^e‘^^'’^{bxdab\b2daby} where 77,^6 {0,1). (F.8) 

Tjab = 1 when Uadab) is past-pointing. 

□ 

Note that the correspondence between Gab from flat connection on 5^ \ F5 and the holonomy of spin 
connection on 4-simplex uses the isomorphism 7ri(5^ \ F5) ^ 7ri(sk(Simplex)). Given the path for holonomy 
on 4-simplex, the contour for Gab is determined up to homotopy. 

Translating the notation from \ F5 to .^#3, Gab = G(Sa,Sh)- By the above result we have for a torus 
cusp t -T^ {Gji = G(S„,So) with S„ - Sq) 

GT2(bub2) = e‘”’'^d2\b,,b2\ ddrd 6 (0,1), (F.9) 

minus sign appears in Eq.(F.7), in principle the space-like normal iiab has to also flip sign, i.e. nabi^ab) = because 

the geometrical bivector *&abi^ab) = ^abi^iab) A Uai^iab) = A But the result Eq.(F.8) is not affected. 
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where b\,b2 are the tangent vectors along two edges of "iji. Thus G(Sn,So) is the composition of a boost 
and a 7r-rotation, which leave the plane spanned by bi,b2 invariant. On the other hand, by Eq.( 5 . 19 ) we find 


Gy2 — A1j2 


g~hgn{Vi}E(fj.2)- 

0 


5 ^ 7 - 2 ) 0 

gjSgn(V4)£(fy2)+je(fj.2) 


M. 


J2, 


where Mt2 - 


42 (‘S) 


er2iS) 


~er2iS) 


(F.IO) 


Here Mj2 gives a rotation from .xy-plane in to the (Z7i,Z72)-plane. Comparing to Eq.(F. 9 ), we determine 
that 


0 (fr 2 ) =+;r 77 (fr 2 ) (Ell) 

where + is because SL( 2 , C) is a 2 -fold covering over SO^( 3 , 1 ). We have seen in the proof of Lemma F. 1 
that the appearance of the sign is because of a flip between future-pointing and past-pointing normals. 
The parallel transportation of spin connection (along an open path) sometimes gives an element in SO ( 3 , 1 ) 
as e™'' = -1 For a single 4 -simplex it happens at the boundary corners, which are the intersections 
of 2 causally related spatial slices. However for an internal triangle (7-2, Gj2 relates to a holonomy of 
spin connection along an internal loop in the (simplicial) spacetime (.2#4,g). The future-pointing (or past¬ 
pointing) time-like normal of the tetrahedron at the stating point should remain future-pointing (or past¬ 
pointing) after parallel transporting along a closed loop to the end point, in case (./#4,g) is globally time- 
oriented. Therefore if is globally time-oriented, 

77 (fr 2 ) = 0 (F. 12 ) 

and the loop holonomy of spin connection belongs to SO^( 3 , 1 ). When any ri{\j2) + 0 the correspond¬ 
ing (..#4,g) doesn’t have a global time-orientation. The classification of globally time-oriented/unoriented 
(.2^4, g) by using actually has been discuss in the work [ 61 ], in the context of simplicial geometry with 
flat 4 -simplices. 
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